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ELLIPTIC PDES ON COMPACT RICCI LIMIT SPACES AND
APPLICATIONS
SHOUHEI HONDA
Dedicated to the memory of Kentaro Nagao.
Abstract. In this paper we study elliptic PDEs on compact Gromov-Hausdorff limit
spaces of Riemannian manifolds with lower Ricci curvature bounds. In particular we
establish continuities of geometric quantities, which include solutions of Poisson’s equa-
tions, eigenvalues of Schro¨dinger operators, generalized Yamabe constants and eigenval-
ues of the Hodge Laplacian, with respect to the Gromov-Hausdorff topology. We apply
these to the study of second-order differential calculus on such limit spaces.
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1. Introduction
Let (X, υ) be a compact metric measure space, which means that X is a compact met-
ric space and υ is a Borel probability measure on X . We say that (X, υ) is a smooth
n-dimensional compact metric measure space if X is a smooth n-dimensional closed Rie-
mannian manifold and υ = Hn/Hn(X), where Hn is the n-dimensional Hausdorff mea-
sure.
Let n ∈ N≥2, K ∈ R and d ∈ R>0. We denote by M(n,K, d) the set of (isometry
classes of) smooth n-dimensional compact metric measure spaces (Y, ν) with diamY ≤ d
and RicY ≥ K(n− 1), where diamY is the diameter and RicY is the Ricci curvature.
Let M(n,K, d) be the set of (measured) Gromov-Hausdorff limit compact metric mea-
sure spaces of sequences in M(n,K, d). See [Fuky87, Gr81b] or subsection 2.2 for the
definition of the Gromov-Hausdorff convergence. Note that M(n,K, d) is compact with
respect to the Gromov-Hausdorff topology. A compact metric measure space which be-
longs to M(n,K, d) is said to be a Ricci limit space in this paper.
Assume (X, υ) ∈M(n,K, d) with diamX > 0.
The main purpose of this paper is to study elliptic PDEs on (X, υ). In order to introduce
the detail we first recall the Laplacian ∆υ on X defined by Cheeger-Colding in [ChC00b].
Cheeger-Colding proved in [ChC00b] that (X, υ) is rectifiable. As a corollary they con-
structed the canonical cotangent bundle T ∗X of X . The fundamental properties include
the following:
• Every fiber T ∗xX is a finite dimensional Hilbert space. We denote the inner product
by 〈·, ·〉 for short.
• For any open subset U of X , 1 < p < ∞ and f ∈ H1,p(U), f has the canonical
differential df(x) ∈ T ∗xX for a.e. x ∈ U , where H1,p(U) is the Sobolev space. In
particular every Lipschitz function g on X is differentiable at a.e. x ∈ X in this
sense.
See for instance subsections 2.3.2 and 2.5 for the details.
RICCI CURVATURE 3
For an open subset U of X , let us denote by D2(∆υ, U) the set of f ∈ H1,2(U) satisfying
that there exists g ∈ L2(U) such that∫
U
〈df, dh〉dυ =
∫
U
ghdυ
for every Lipschitz function h on U with compact support. Since g is unique if it exists,
we denote it by ∆υf .
1.1. Poisson’s equations. Let us consider Poisson’s equation for given g ∈ L2(X):
∆υf = g (1.1)
on X . We introduce a continuity of solutions of Poisson’s equations with respect to the
Gromov-Hausdorff topology.
Theorem 1.1. We have the following:
(1) A solution f ∈ D2(∆υ, X) of (1.1) exists if and only if∫
X
gdυ = 0. (1.2)
(2) If (1.2) holds, then there exists a unique solution f ∈ D2(∆υ, X) of (1.1) with∫
X
fdυ = 0.
We denote f by (∆υ)−1g.
(3) Let (Xi, υi) Gromov-Hausdorff converges to (X∞, υ∞) (we write it (Xi, υi)
GH→
(X∞, υ∞) for short in this paper) inM(n,K, d) with diamX∞ > 0, and let {gi}i≤∞
be an L2-weak convergent sequence on X∞ of gi ∈ L2(Xi) with∫
Xi
gidυi = 0.
Then (∆υi)−1gi,∇((∆υi)−1gi) L2-converge strongly to (∆υ∞)−1g∞,∇((∆υ∞)−1g∞)
on X∞, respectively.
See [Hon13a, KS03a, KS03b] or subsection 2.5.2 for the definition of the Lp-convergence
with respect to the Gromov-Hausdorff topology. It is worth pointing out that the regu-
larity of Poisson’s equations given in [J14] by Jiang yields that if g ∈ L∞(X) with (1.2)
and ||g||L∞ ≤ L, then
||∇(∆υ)−1g||L∞ ≤ C(n,K, d, L), (1.3)
where C(n,K, d, L) is a positive constant depending only on n,K, d and L. See [J14,
Theorem 3.1].
Let Br(x) := {y ∈ X ; dX(x, y) < r} and let Br(x) := {y ∈ X ; dX(x, y) ≤ r}, where
dX(x, y) is the distance between x and y in X . By combining Theorem 1.1 with the
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existence of a good cut-off function constructed by Cheeger-Colding in [ChC96], we have
the following local version of (4) of Theorem 1.1:
Theorem 1.2. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d), let R > 0, let {xi}i≤∞ be a
convergent sequence of xi ∈ Xi, and let f∞ ∈ D2(∆υ∞ , BR(x∞)). Then for any r < R with
X∞ 6= Br(x∞) and L2-weak convergent sequence {gi}i≤∞ on Br(x∞) of gi ∈ L2(Br(xi))
with g∞ = ∆
υ∞f∞|Br(x∞), there exist a subsequence {i(j)}j and a sequence {fi(j)}j of
fi(j) ∈ D2(∆υi(j) , Br(xi(j))) such that gi(j) = ∆υi(j)fi(j) and that fi(j),∇fi(j) L2-converge
strongly to f∞,∇f∞ on Br(x∞), respectively.
Recall that Ding proved in [Din02] that the uniform limit function of a sequence of
harmonic functions with respect to the Gromov-Hausdorff topology is also harmonic (see
also [Hon11, Hon13a] for a different approach). As a corollary of Theorem 1.2 we have
the converse:
Corollary 1.3. Let x ∈ X, let R > 0 and let h be a harmonic function on BR(x),
i.e., h ∈ D2(∆υ, BR(x)) with ∆υh = 0. Then for every r < R, we see that h|Br(x) is the
uniform limit function of a sequence of harmonic functions with respect to the Gromov-
Hausdorff topology in the following sense: Let {(Xi, υi)}i be a convergent sequence to
(X, υ) in M(n,K, d) and let {xi}i be a convergent sequence of xi ∈ Xi to x. Then there
exist a subsequence {i(j)}j and a sequence {hi(j)}j of harmonic functions hi(j) on Br(xi(j))
such that hi(j) converges uniformly to h on Br(x) (see subsection 2.3 for the definition of
the uniform convergence in this setting). In particular if h ≥ 0 on BR(x), then we have
the following Cheng-Yau type gradient estimate [ChgY75]:
Liph(y) ≤ C(n)R
2(R|K|(n− 1) + 1)
(R2 − r2)R h(y) (1.4)
for every y ∈ Br(x), where
Liph(y) := lim
t→0
(
sup
z∈Bt(y)\{y}
|h(y)− h(z)|
dX(y, z)
)
. (1.5)
Note that (1.4) follows directly from applying the original Cheng-Yau gradient estimate
[ChgY75] to hi(j) in the case that (Xi, υi) ∈M(n,K, d) for every i and that a Cheng-Yau
type gradient estimate for harmonic functions on metric measure spaces in more general
setting was already known via a different approach by Hua-Kell-Xia in [HKX13].
We now introduce an application of Corollary 1.3.
In [Hon14] we gave the notion of a weakly second-order differential structure (or sys-
tem) on rectifiable metric measure spaces and we knew that (X, υ) has such a structure
associated with a convergent sequence (Xi, υi)
GH→ (X, υ) of (Xi, υi) ∈ M(n,K, d). For
example if (X, υ) is a smooth metric measure space, then a smooth coordinate system of
X gives an example of such systems. See subsection 2.3 for the precise definitions.
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Let {(Xji , υji )}i<∞,j∈{1,2} be two convergent sequences of (Xji , υji ) ∈M(n,K, d) to (X, υ)
and let Aj2nd be the weakly second-order differential system on (X, υ) associated with
{(Xji , υji )}i for every j ∈ {1, 2}.
Let us consider the following natural question:
Question 1. Are A12nd and A22nd compatible?
Note that we say that two weakly second-order differential systems A1 and A2 on (X, υ)
are compatible if A1∪A2 is also a weakly second-order differential system on (X, υ). Note
that the rectifiable version of this question has always a positive answer, i.e., for any two
rectifiable systems A1rec and A2rec on (X, υ) we easily see that A1rec∪A2rec is also a rectifiable
system on (X, υ).
By Corollary 1.3 we can give an answer to this question:
Theorem 1.4. A12nd and A22nd are compatible. In particular the weakly second-order
differential structure and the Levi-Civita connection ∇gX on (X, υ) defined in [Hon14] are
canonical.
Let ν be a Borel probability measure on X with (X, ν) ∈ M(n,K, d). Then Cheeger-
Colding proved in [ChC00b] that υ and ν are mutually absolutely continuous on X . This
gives that the weakly second-order differential structure on (X, υ) does not depend on the
choice of limit measures and that it depends only on the (Riemannian) metric structure.
Thus in this paper we write the Levi-Civita connection on (X, υ) defined in [Hon14] by
∇gX in order to distinguish this from Gigli’s Levi-Civita connection ∇υ defined in [G14],
where gX is the Riemannian metric of X . See subsections 1.4 and 2.5.4 for the detail.
1.2. Schro¨dinger equations. Let us discuss the Schro¨dinger operator with a potential
g ∈ Lq(X):
∆υ + g (1.6)
on X , where q > 2.
Fukaya conjectured in [Fuky87] that eigenvalues of the Laplacian behave continuously
on M(n,K, d). Cheeger-Colding solved this conjecture in [ChC00b]. We will give a
generalization of the continuity to Schro¨dinger operators.
It is easy to check that if (X, υ) satisfies the (2q/(q−2), 2)-Sobolev inequality on X for
some pair (A,B) of nonnegative constants A,B, then the spectrum of (1.6) is discrete,
where we say that (X, υ) satisfies the (q, p)-Sobolev inequality on X for (A,B) if(∫
X
|f |qdυ
)p/q
≤ A
∫
X
|df |pdυ +B
∫
X
|f |pdυ
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for every Lipschitz function f on X . See Proposition 5.1. Then we write the spectrum by
λg0(X) ≤ λg1(X) ≤ λg2(X) ≤ · · · .
Theorem 1.5. Let 2 < p < ∞ and let (Xi, υi) GH→ (X∞, υ∞) in M(n,K, d) with
diamX∞ > 0. Assume that there exist A,B ≥ 0 such that for every i < ∞, (Xi, υi)
satisfies the (2p/(p−2), 2)-Sobolev inequality onXi for (A,B). Then we have the following:
(1) (X∞, υ∞) satisfies the (2p/(p − 2), 2)-Sobolev inequality on X∞ for (A,B). In
particular the spectrum of ∆υ∞ + g∞ is discrete.
(2) For any q > p/2 and Lq-weak convergent sequence {gi}i≤∞ on X∞ of gi ∈ Lq(Xi)
we have
lim
i→∞
λgik (Xi) = λ
g∞
k (X∞) (1.7)
for every k ≥ 0. Moreover for every k, if f∞ ∈ L2(X∞) is the L2-weak limit on
X∞ of a sequence {fi}i<∞ of λgik (Xi)-eigenfunctions fi of ∆υi+gi with ||fi||L2 = 1,
then we see that f∞ is a λ
g∞
k (X∞)-eigenfunction of ∆
υ∞ + g∞, that fi L
2p/(p−2)-
converges strongly to f∞ on X∞ and that dfi L
2-converges strongly to df∞ on X∞.
Combining this with the (2n/(n − 2), 2)-Poincare´ inequality given by Maheux-Saloff-
Coste in [MS95] yields the following.
Corollary 1.6. Assume n ≥ 3. Let q > n/2 and let (Xi, υi) GH→ (X∞, υ∞) in
M(n,K, d) with diamX∞ > 0. Then for every L
q-weak convergent sequence {gi}i≤∞
on X∞ of gi ∈ Lq(Xi) we have
lim
i→∞
λgik (Xi) = λ
g∞
k (X∞) (1.8)
for every k ≥ 0.
Note that (1.8) for gi ≡ 0 corresponds to the continuity of eigenvalues of the Laplacian
proved by Cheeger-Colding in [ChC00b] and that if we consider
gi =
n− 2
4(n− 1)sXi(=: sˆXi)
when (Xi, υi) is a smooth n-dimensional compact metric measure space for every i <∞,
then Corollary 1.6 gives the continuity of eigenvalues of the conformal Laplacian, where
sXi is the scalar curvature of Xi.
1.3. Yamabe type equations. Assume n ≥ 3. Let us consider the following quantity,
called the generalized (n-) Yamabe constant of (X, υ) associated with g ∈ Lq(X):
Y g(X) = inf
f
∫
X
(|df |2 + g|f |2) dυ, (1.9)
where f runs over all Lipschitz functions on X with ||f ||L2n/(n−2) = 1 and 1 ≤ q ≤ ∞.
This is introduced by Akutagawa-Carron-Mazzeo in [ACM13] for more general setting.
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We first recall the original Yamabe constant Yˆ sM (M) of a closed n-dimensional Rie-
mannian manifold M . It is defined by
Yˆ sˆM (M) := inf
f
∫
M
(|df |2 + sˆM |f |2) dHn, (1.10)
where f runs over all Lipschitz functions on M with ||f ||L2n/(n−2) = 1.
Then it is known that every positively valued minimizer f of (1.10) satisfies the following
equation:
∆f + sˆMf − Yˆ sˆM (M)|f |(n+2)/(n−2) = 0.
We now recall the Yamabe problem on M which means finding a minimizer of (1.10).
The following is well-known:
(1) Aubin’s inequality
Yˆ sˆM (M) ≤ Yˆ sˆSn (Sn)
holds.
(2) For every ǫ > 0 there exists B > 0 such that (M,Hn) satisfies the (2n/(n− 2), 2)-
Sobolev inequality on M for ((Yˆ sˆSn (Sn))−1 + ǫ, B).
(3) If Yˆ sˆM (M) < Yˆ sˆSn (Sn), then there exists a smooth positively valued minimizer of
(1.10).
(4) If Yˆ sˆM (M) = Yˆ sˆSn (Sn), then M is conformally equivalent to Sn. In particular we
can also find a smooth positively valued minimizer of (1.10).
See [Aub76a, Aub76b, Sc84, SY88, Tr68, Yam60] for the details. Note that from above
we see that the Yamabe problem is solvable in the smooth case and that by definition
if (X, υ) is a smooth n-dimensional compact metric measure space and g = sˆX , then we
have
Y sˆX(X) = (Hn(X))−2/n Yˆ sˆX(X).
We now turn to the nonsmooth case.
By combining Akutagawa-Carron-Mazzeo’s works in [ACM13] with Cheeger-Colding’s
works in [ChC00b], we see that if q > n/2, (X, υ) satisfies the (2n/(n − 2), 2)-Sobolev
inequality on X for some (A,B) and an Aubin type strict inequality
Y g(X) < A−1
holds, then there exists a minimizer f ∈ H1,2(X) of (1.9). Thus we can regard this as a
generalization of (3) above.
We now introduce a main result on generalized Yamabe constants. It means that
roughly speaking, a uniform Sobolev inequality and a uniform Aubin type strict inequal-
ity yield the continuity of generalized Yamabe constants with respect to the Gromov-
Hausdorff topology:
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Theorem 1.7. Let q > n/2, let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0,
and let {gi}i≤∞ be an Lq-weak convergent sequence on X∞ of gi ∈ Lq(Xi). Assume that
there exist A,B > 0 such that for every i <∞, (Xi, υi) satisfies the (2n/(n−2), 2)-Sobolev
inequality on Xi for (A,B) and that
lim sup
i→∞
Y gi(Xi) < A
−1.
Then we have
lim
i→∞
Y gi(Xi) = Y
g∞(X∞).
In particular we have
Y g∞(X∞) < A
−1.
Moreover if f∞ is the L
2-weak limit on X∞ of a sequence {fi}i<∞ of minimizers fi ∈
H1,2(Xi) of Y
gi(Xi) with ||fi||L2n/(n−2) = 1, then we see that fi L2n/(n−2)-converges strongly
to f∞ on X∞, that dfi L
2-converges strongly to df∞ on X∞ and that f∞ is also a minimizer
of Y g∞(X∞).
As a corollary, we have the following continuity of almost nonpositive generalized Yam-
abe constants:
Corollary 1.8. There exists δ := δ(n,K, d) > 0 such that the following holds: Let
(Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, let q > n/2, and let {gi}i≤∞ be
an Lq-weak convergent sequence on X∞ of gi ∈ Lq(Xi) with
lim sup
i→∞
Y gi(Xi) ≤ δ.
Then
lim
i→∞
Y gi(Xi) = Y
g∞(X∞).
1.4. Hodge Laplace equations. Let us consider the Hodge Laplacian:
∆H,k = δd+ dδ
acting on differential k-forms. We first recall the notion of RCD(K,∞)-spaces.
The notion of RCD(K,∞)-spaces is introduced by Ambrosio-Gigli-Savare´ in [AGS14a]
based on the study of CD(K,∞) spaces by Lott-Villani in [LV09] and Sturm in [St06a,
St06b]. Roughly speaking, a metric measure space said to be an RCD(K,∞) space if the
Sobolev space H1,2 for functions is a Hilbert space and the Ricci curvature bounded from
below by K. They developed the study of RCD(K,∞)-spaces in [AGS14a, AGS14b].
In particular by the stability with respect to the Gromov-Hausdorff topology proven in
[AGS14a] we knew that (X, υ) is an RCD(K(n− 1),∞) space.
Gigli established in [G14] a second-order differential calculus on RCD(K,∞)-spaces.
Let us consider the following question:
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Question 2. Is the second-order differential calculus on (X, υ) given in [Hon14] compat-
ible with Gigli’s one?
In order to give more precise statements, we introduce Gigli’s notation and terminology
in [G14] for the case of (X, υ) only.
In a similar way of the construction of T ∗X we can define the tangent bundle TX .
More generally, for any r, s ∈ Z≥0, the tensor bundle
T rsX :=
r⊗
i=1
TX ⊗
r+s⊗
i=r+1
T ∗X
is well-defined. We denote the set of Lp-tensor fields of type (r, s) on a Borel subset A of
X by Lp(T rsA). Let
TestF (X) := {f ∈ D2(∆υ, X);∆υf ∈ H1,2(X), df ∈ L∞(T ∗X)}.
By using this Gigli defined
• the Sobolev spaces W 1,2C (TX),W 1,2d (
∧k T ∗X) for vector fields, differential k-forms
on X , respectively,
• the covariant derivative ∇υV ∈ L2(T 11X) of V ∈ W 1,2C (TX), and
• the differential dυω ∈ L2(∧k+1 T ∗X) of ω ∈ W 1,2d (∧k T ∗X).
Note that we used a slight modified version of Gigli’s covariant derivative because it is
simple to use the modified version for discussing the compatibility between [G14] and
[Hon14] (for example our manner is based on [S96]). The original Gigli’s covariant deriv-
ative of V ∈ W 1,2C (TX) is in L2(T 20X), however it is essentially same to our terminology
via the identification:
TX ⊗ TX ∼= TX ⊗ T ∗X
u⊗ v 7→ v ⊗ u∗, (1.11)
where u∗ ∈ T ∗X is the dual element of u ∈ TX by the Riemannian metric gX . See Remark
2.18.
In a similar way of Gigli’s manner in [G14] we can define the Sobolev space W 1,2C (T
r
sX)
for tensor fields and the covariant derivative ∇υT ∈ L2(T rs+1X) for T ∈ W 1,2C (T rsX). In
particular define W 1,2C (
∧k T ∗X) := W 1,2C (T 0kX) ∩ L2(∧k T ∗X) via the canonical embed-
ding:
k∧
T ∗X →֒ T 0kX.
See subsection 2.5.4 for the details.
LetW 2,2(X) be the set of f ∈ H1,2(X) with∇f ∈ W 1,2C (TX) (note that this holds if and
only if df ∈ W 1,2C (T ∗X) holds), where ∇f ∈ L2(TX) is the dual section of df ∈ L2(T ∗X).
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Put
TestFormk(X) :=
{
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i;N ∈ N, fj,i ∈ TestF (X)
}
.
Gigli proved D2(∆υ, X) ⊂ W 2,2(X) and TestFormk(X) ⊂ W 1,2d (
∧k T ∗X). We define the
Hessian Hessυf ∈ L2(T 02X) of f ∈ W 2,2(X) in Gigli’s sense by
Hessυf := ∇υdf.
Let us consider the following question.
Question 3. When does Hessυf = Hess
gX
f hold?
Note that HessgXf := ∇gXdf is the Hessian of a weakly twice differentiable function f on
X defined in [Hon14].
The following is an answer to this question:
Theorem 1.9. We have the following.
(1) For any open subset U of X and f ∈ D2(∆υ, U), we see that f is weakly twice
differentiable on U with respect to the canonical weakly second-order differential
structure of (X, υ) in the sense of Theorem 1.4. Moreover if (X, υ) is the noncol-
lapsed Gromov-Hausdorff limit of a sequence in M(n,K, d), then
∆υf = ∆gXf, (1.12)
where ∆gXf := −tr(HessgXf ) and tr is the trace.
(2) For every f ∈ D2(∆υ, X) we have
Hessυf = Hess
gX
f .
(3) If (X, υ) is the noncollapsed Gromov-Hausdorff limit of a sequence in M(n,K, d),
then we have D2(∆υ, X) = H2,2(X), where H2,2(X) is the closure of TestF (X) in
W 2,2(X) with respect to the W 2,2-norm
||f ||W 2,2 :=
(||f ||2L2 + ||∇f ||2L2 + ||Hessυf ||2L2)1/2 .
Note that we proved in [Hon13a] that (1.12) holds for most functions, that (1.12) is new
even if (X, υ) ∈ M(n,K, d) and that Gigli proved in [G14] that H2,2(X) coincides with
the closure of D2(∆υ, X) in W 2,2(X). Theorem 1.9 gives a positive answer to Question
2 for functions.
Next let us discuss differential k-forms on X .
Let ω be a differential k-form on X which is differentiable at a.e. x ∈ X with respect
to the canonical weakly second-order differential structure. Recall that in [Hon14] we
defined the differential dω and the covariant derivative ∇gXω.
Let us consider the following question:
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Question 4. When do ∇ω = ∇υω and dω = dυω hold?
From the divergence theorem and Theorem 1.9 we easily see that this question has a
positive answer in the following two cases:
• (X, υ) ∈M(n,K, d) and ω ∈ C∞(∧k T ∗X).
• ω = df for some f ∈ D2(∆υ, X).
We introduce a generalization of these:
Theorem 1.10. Assume that there exist a convergent sequence {(Xi, υi)}i inM(n,K, d)
of (Xi, υi) ∈ M(n,K, d) to (X, υ) and an L2-strong convergent sequence {ωi}i of ωi ∈
C∞(
∧k TXi) to ω on X with
sup
i
∫
Xi
|∇ωi|2dυi <∞. (1.13)
Then we see that ω is differentiable at a.e. x ∈ X, that ω ∈ W 1,2C (
∧k T ∗X)∩W 1,2d (∧k T ∗X),
that ∇ω = ∇υω and that dω = dυω.
Note that in Theorem 1.10, if k = 1, then the assumption (1.13) can be replaced by a
weaker condition:
sup
i
∫
Xi
(|dωi|2 + |δωi|2) dυi <∞. (1.14)
See Theorems 6.13, 7.8, 7.9 and Proposition 7.1.
In order to give a sufficient condition for satisfying the assumption of Theorem 1.10,
we consider the following question:
Question 5. When is there a smooth approximation to ω in the following sense?
• There exist a convergent sequence {(Xi, υi)}i inM(n,K, d) of (Xi, υi) ∈M(n,K, d)
to (X, υ) and a sequence {ωi}i of ωi ∈ C∞(
∧k T ∗Xi) such that ωi, dωi, δωi L2-
converge strongly to ω, dυω, δυω on X , respectively (we call {ωi}i a smooth W 1,2H -
approximation to ω with respect to {(Xi, υi)}i).
We now recall the definition of the codifferential δυ as above defined by Gigli in [G14].
LetD2(δυk , X) be the set of ω ∈ L2(
∧k T ∗X) satisfying that there exists η ∈ L2(∧k−1 T ∗X)
such that ∫
X
〈ω, dυα〉dυ =
∫
X
〈η, α〉dυ (1.15)
for every α ∈ TestFormk−1(X). Since η is unique if it exists because TestFormk−1(X) is
dense in L2(
∧k−1 T ∗X), we denote it by δυkω or by δυω for short. Note that D2(δυk , X) is
a Hilbert space equipped with the norm
||ω||δυk :=
(||ωk||2L2 + ||δυkω||2L2)1/2 .
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Let W 1,2H (
∧k T ∗X) := W 1,2d (∧k T ∗X) ∩ D2(δυk , X). It is a Hilbert space equipped with
the norm
||ω||W 1,2H =
(||ω||2L2 + ||dυω||2L2 + ||δυω||2L2)1/2 .
Gigli proved that TestFormk(X) ⊂ W 1,2H (
∧k T ∗X). Let H1,2H (∧k T ∗X) be the closure of
TestFormk(X) in W
1,2
H (
∧k T ∗X).
We now give an answer to Question 5:
Theorem 1.11. Let {(Xi, υi)}i be a convergent sequence in M(n,K, d) to (X, υ). As-
sume ω ∈ H1,2H (T ∗X). Then there exist a subsequence {i(j)}j and a sequence {ωi(j)}j
of ωi(j) ∈ TestForm1(Xi(j)) such that ωi(j), dυi(j)ωi(j), δυi(j)ωi(j) L2-converge strongly to
ω, dυω, δυω on X, respectively. Moreover if (Xi, υi) ∈ M(n,K, d) for every i < ∞,
then we can choose {ωi(j)}j as C∞-differential 1-forms. Therefore there exists a smooth
W 1,2H -approximation to ω with respect to {(Xi(j), υi(j))}j. In particular the assumption of
Theorem 1.10 for ω holds.
By the density of TestFormkX in L
2(
∧k T ∗X), sinceH1,2H (∧k T ∗X) is dense in L2(∧k T ∗X),
we see that Questions 4 and 5 have positive answers for most 1-forms. Note that we
can also establish an approximation for differential k-forms which is similar to Theorem
1.11 in some weak sense. See Remark 7.6. These give also positive answers to Question
2 for differential forms.
Next we discuss the Hodge Laplacian ∆υH,k on X defined by Gigli in [G14].
Let D2(∆υH,k, X) be the set of ω ∈ W 1,2H (
∧k T ∗X) satisfying that there exists η ∈
L2(
∧k T ∗X) such that∫
X
〈η, α〉dυ =
∫
X
〈dυω, dυα〉dυ +
∫
X
〈δυω, δυα〉dυ (1.16)
for every α ∈ TestFormk(X). Since η is unique if it exists by the same reason above we
denote η by ∆υH,kω (we will use the notation ∆H,kω := ∆
υ
H,kω if (X, υ) ∈ M(n,K, d) and
ω ∈ C∞(∧k T ∗X) for brevity). Note that Gigli established in [G14] the Hodge theorem
for harmonic forms by restricting the domain of ∆υH,k to D2(∆υH,k, X) ∩H1,2H (
∧k T ∗X).
Let us consider the following question.
Question 6. How do eigenvalues of the Hodge Laplacian behave with respect to the
Gromov-Hausdorff topology?
Note that in the case of 0-forms, i.e., functions, the continuity of eigenvalues of the
Laplacian acting on functions proved by Cheeger-Colding in [ChC00b] (i.e., Theorem 1.5
in the case that gi ≡ 0) gives the complete answer to this question.
However it seems that in general it is difficult to study the behavior of eigenvalues of the
Hodge Laplacian with respect to the Gromov-Hausdorff topology than that in the case of
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functions. See for instance [AC95, CC90, CC00, Lot02, Lot03, P97, Tak02]. In particular
Perelman showed in [P97] that there exist a sequence {(Xi, υi)}i<∞ in M(4, 0, 1) and the
noncollapsed Gromov-Hausdorff limit (X∞, υ∞) of them such that
b2(Xi)→∞,
where b2(Xi) is the second Betti number of Xi. This shows that even for a noncollapsed
sequence, it is not easy to control the behavior of harmonic 2-forms with respect to the
Gromov-Hausdorff topology under lower Ricci curvature bounds only. Note that for the
first Betti number b1, by Gallot and Gromov in [Ga83, Gr81a], it is known a uniform
bound:
b1(X) ≤ C(n,K, d)
for every (X, υ) ∈M(n,K, d).
We can give an answer to this question. It means that for 1-forms, the L2-strong limit
of a sequence of eigenforms is also an eigenform in some weak sense.
Theorem 1.12. Let {λi}i<∞ be a bounded sequence in R, let {(Xi, υi)}i<∞ be a sequence
in M(n,K, d), let (X∞, υ∞) be the Gromov-Hausdorff limit of them with diamX∞ > 0,
let {ωi}i<∞ be a sequence of λi-eigenforms ωi ∈ C∞(T ∗Xi) with ||ωi||L2(Xi) = 1, i.e.,
∆υiH,1ωi = λiωi
and let ω∞ be the L
2-strong limit on X∞ of them. Then we see that the limit
lim
i→∞
λi
exists and that ω∞ ∈ D2(∆υ∞H,1, X∞) with
∆υ∞H,1ω∞ =
(
lim
i→∞
λi
)
ω∞.
Note that in Theorem 1.12, by using a mean value inequality by Li-Tam given in [LT91]
we will prove a uniform L∞-estimate for ωi:
sup
i
||ωi||L∞ <∞.
In particular we see that ω∞ ∈ L∞(
∧k T ∗X∞) and that ω∞ is the Lp-strong limit of
{ωi}i<∞ for every p ∈ (1,∞). See Proposition 7.18. We will also prove a similar con-
tinuity of eigenvalues of the Hodge Laplacian for differential k-forms with an additional
assumption. See Theorem 7.20 and Corollary 7.21.
By Theorems 1.10 and 1.12 we can easily see that the following final question is impor-
tant:
Question 7. Is there a nice compactness for the L2-strong convergence?
Note that in [KS03a, KS08, Hon13a] we knew the L2-weak compactness with respect
14 SHOUHEI HONDA
to the Gromov-Hausdorff topology which means that every L2-bounded sequence has an
L2-weak convergent subsequence (this also holds in the Lp-case for every 1 < p <∞).
The following is an answer to this question:
Theorem 1.13. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
noncollapsed Gromov-Hausdorff limit of them and let {ωi}i<∞ be a sequence of ωi ∈
C∞(
∧k T ∗Xi) with ||ωi||L2(Xi) = 1 and (1.13). Then there exist a subsequence {i(j)}j and
ω∞ ∈ L2(
∧k T ∗X∞) such that ωi(j) L2-converges strongly to ω∞ on X∞.
In Theorem 1.13 if we consider the case of k = 0, i.e., functions, then we have the same
conclusion without the noncollapsed assumption. This is a Rellich type compactness in
the Gromov-Hausdorff setting proven in [Hon13a, KS03a]. See Theorem 2.16. However,
in the case of differential forms, the noncollapsed assumption is essential. See Remark
6.18.
1.5. Organization of the paper. In Section 2 we introduce our notation and terminol-
ogy.
In Section 3 we give several new results on the Lp-convergence. In particular we discuss
the stabilities of Poincare´ and Sobolev inequalities with respect to the Gromov-Hausdorff
topology. We also give generalizations of Fatou’s lemma and Sobolev embeddings to the
Gromov-Hausdorff setting. They play crucial roles to prove Theorem 1.7.
In Section 4 we discuss Poisson’s equations. In particular we prove the results stated
in subsection 1.1. As applications we also prove Theorems 1.9 and 1.11.
In Section 5 we study Schro¨dinger operators and generalized Yamabe constants. We
also give a generalization of Theorem 1.7. See Theorem 5.6.
In Section 6 we establish a Rellich type compactness for tensor fields with respect to
the Gromov-Hausdorff topology which is a generalization of Theorem 1.13. See Corollary
6.15. This plays a crucial role to prove results stated in subsection 1.4 and gives a positive
answer to Question 7 for tensor fields. As an application we show that the noncollapsed
Gromov-Hausdorff limit of a sequence of compact Ka¨hler manifolds is also Ka¨hler in some
weak sense. See Theorem 6.19.
Section 7 is mainly devoted to the proofs of the remained results stated in subsection
1.4. We also establish new Bochner inequalities. See Theorem 7.3 and Corollary 7.4.
It is worth pointing out that we will introduce a new ‘test class’
T˜estF (X) := {f ∈ D2(∆υ, X);∆υf is a Lipschitz function onX}. (1.17)
Note that Theorem 1.1 yields that T˜estF (X) is a linear subspace of TestF (X).
By using this test class instead of TestF (X), we will define new Sobolev spaces,
H˜2,2(X), W˜ 1,2C (TX), and so on in the same manner of Gigli [G14]. By using Theorem
1.1 we can check that these new Sobolev spaces (i.e., ‘∼-versions’) behave nicely with
respect to the Gromov-Hausdorff topology.
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On the other hand, by definition, we can easily check the following trivial relationship
between them and Gigli’s one:
H˜ ⊂ H ⊂ W ⊂ W˜ . (1.18)
A key result in proofs of theorems stated in subsection 1.4 is to establish that the original
Gigli’s Sobolev spaces and the ∼-versions are coincide, i.e.
H˜ = H,W = W˜ .
In particular Gigli’s original Sobolev spaces behave nicely with respect to the Gromov-
Hausdorff topology. See Theorems 7.8 and 7.9.
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2. Preliminaries
In this section we fix our notation and terminology on metric measure geometry. We
also recall several results on Ricci limit spaces.
2.1. Metric measure spaces. Let X be a metric space. We say that X is proper if
every bounded closed subset of X is compact. We also say that X is a geodesic space
if for any p, q ∈ X there exists an isometric embedding γ : [0, dX(p, q)] → X such that
γ(0) = p and γ(dX(p, q)) = q hold (we call γ a minimal geodesic from p to q).
We denote the space of Lipschitz functions on X by LIP(X), the space of locally
Lipschitz functions on X by LIPloc(X), and the space of f ∈ LIP(X) with compact
support by LIPc(X). For every f ∈ LIP(X), let us denote the Lipschitz constant of f by
Lipf , i.e.,
Lipf := sup
a6=b
|f(a)− f(b)|
dX(a, b)
.
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We sometimes denote the local Lipschitz constant Lipf(x) of f by |∇f |(x) (see (1.5)).
Let υ be a Borel measure on X . In this paper we say that a pair (X, υ) is a metric
measure space if 0 < υ(Br(x)) < ∞ for any x ∈ X and r > 0. For two metric measure
spaces {(Zi, νi)}i=1,2, we say that (Z1, ν1) is isometric to (Z2, ν2) if there exists an isometry
φ : Z1 → Z2 (as metric spaces) such that ν1(A1) = ν2(φ(A1)) for every Borel subset A1 of
Z1.
Let A be a Borel subset of X , let Y be a metric space and let G be a Borel map from
A to Y . We say that G is differentiable at a.e. a ∈ A if there exists a countable collection
{Ai}i of Borel subsets Ai of A such that υ(A \
⋃
iAi) = 0 and that G|Ai is Lipschitz for
every i. It is important that if X, Y are Riemannian manifolds and A is an open subset
of X , then this notion coincides with that in the ordinary sense.
2.2. Gromov-Hausdorff convergence.
2.2.1. Compact case. Let {Xi}i≤∞ be a sequence of compact metric spaces and let {υi}i be
a sequence of Borel probability measures υi on Xi. We say that (Xi, υi) Gromov-Hausdorff
converges to (X∞, υ∞) if there exist a sequence {φi}i of Borel maps φi : Xi → X∞ and a
sequence {ǫi}i of ǫi > 0 such that the following four conditions hold:
• limi→∞ ǫi = 0.
• |dXi(x, y)− dX∞(φi(x), φi(y))| < ǫi for any i and x, y ∈ Xi.
• X∞ = Bǫi(φi(Xi)), where Bǫ(A) is the ǫ-open neighborhood of A.
• We have
lim
i→∞
υi(Br(zi)) = υ∞(Br(z∞))
for any sequence {zi}i≤∞ of zi ∈ Xi with φi(zi)→ z∞ in X∞ (we denote it zi GH→ z∞
for short and we call it a convergent sequence) and r > 0.
Then we denote it (Xi, υi)
GH→ (X∞, υ∞) for short.
2.2.2. General case. Let {Xi}i≤∞ be a sequence of proper metric spaces, let {xi}i≤∞ be
a sequence of xi ∈ Xi and let {υi}i≤∞ be a sequence of Borel measures υi on Xi. We
say that (Xi, xi, υi) Gromov-Hausdorff converges to (X∞, x∞, υ∞) if there exist sequences
{Ri, ǫi}i of Ri, ǫi > 0 and a sequence {φi}i of Borel maps φi : BRi(xi) → X∞ such that
the following five conditions hold:
• limi→∞ ǫi = 0 and limi→∞Ri =∞.
• |dXi(x, y)− dX∞(φi(x), φi(y))| < ǫi for any i and x, y ∈ BRi(xi).
• BRi(x∞) ⊂ Bǫi(φi(BRi(xi))) holds for every i <∞.
• φi(xi) → x∞ in X∞. We also denote it by xi GH→ x∞ and we call it a convergent
sequence.
• We have
lim
i→∞
υi(Br(zi)) = υ∞(Br(z∞))
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for any convergent sequence {zi}i≤∞ of zi ∈ BRi(xi) and r > 0.
Then we also denote it by (Xi, xi, υi)
GH→ (X∞, x∞, υ∞) for short.
Assume (Xi, xi, υi)
GH→ (X∞, x∞, υ∞). Let {Ci}i≤∞ be a sequence of subsets Ci of Xi
satisfying that there exists L > 0 such that Ci ⊂ BL(xi) for every i ≤ ∞. Then we
denote lim supi→∞Ci ⊂ C∞ if for every ǫ > 0 there exists i0 such that φi(Ci) ⊂ Bǫ(C∞)
for every i ≥ i0. We also denote C∞ ⊂ lim inf i→∞Ci if for every ǫ > 0 there exists i0 such
that C∞ ⊂ Bǫ(φi(Ci)) for every i ≥ i0. We say that a subset K of X∞ is a (Gromov-
Hausdorff) limit of {Ci}i<∞ (with respect to the convergence (Xi, xi, υi) GH→ (X∞, x∞, υ∞))
if lim supi→∞Ci ⊂ K and K ⊂ lim inf i→∞Ci. It is easy to check the following:
• If K1 and K2 are limits of {Ci}i<∞, then K1 = K2, where Ki is the closure of Ki
in X∞.
• There exists a subsequence {i(j)}j such that a limit of {Ci(j)}j exists.
From above we see that the compact limit of {Ci}i is unique if it exists. Thus we denote
it by limi→∞Ci.
Assume that C∞ is a limit of {Ci}i. Let Y be a metric space. For a sequence {fi}i≤∞
of continuous maps fi : Ci → Y , we say that fi converges uniformly to f∞ on C∞ if for
every ǫ > 0 there exist i0 and δ > 0 such that dY (f∞(y), fi(x)) < ǫ for any i ≥ i0, x ∈ Ci
and y ∈ C∞ with dX∞(φi(x), y) < δ. See also subsection 2.2 in [Hon11].
Let us denote byM(n,K) the set of (isometry classes of) pointed proper metric measure
spaces (X, x,Hn/Hn(B1(x))), where X is an n-dimensional complete Riemannian mani-
fold with RicX ≥ K(n − 1). We denote by M(n,K) the set of Gromov-Hausdorff limits
of sequences in M(n,K). Note that M(n,K) is compact with respect to the Gromov-
Hausdorff topology. See [ChC97, Fuky87, Gr81b].
In this paper we also call a pointed metric measure space which belongs to M(n,K) a
Ricci limit space for short.
2.3. Rectifiable metric measure spaces and weakly second-order differential
structure.
2.3.1. Euclidean spaces. Let A be a Borel subset ofRk, let F = (f1, . . . , fm) be a Lipschitz
map from A to Rm and let y ∈ LebA := {a ∈ A; limr→0Hk(A ∩ Br(a))/Hk(Br(a)) = 1}.
Then we say that F is differentiable at y if there exists a Lipschitz map Fˆ from Rk to
Rm such that Fˆ |A ≡ F and that Fˆ is differentiable at y. Note that if F is differentiable
at y, then the Jacobi matrix
J(Fˆ )(y)
of Fˆ does not depend on the choice of such Fˆ . Thus we denote it by
J(F )(y) = (∂fi/∂xj(y))ij.
Note that by Rademacher’s theorem [R19] we see that F is differentiable at a.e. x ∈ A.
This is compatible with the similar notion introduced in subsection 2.1.
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Let G be a Borel map from A to Rm. Assume that G is differentiable at a.e. x ∈ A.
Note that from above we easily see that J(G)(x) is well-defined for a.e. x ∈ A. We say
that G is weakly twice differentiable on A if J(G) is differentiable at a.e. a ∈ A. It is
important that if A is open and G is a C1,1-map, then G is weakly twice differentiable on
A.
Let T =
∑
λ∈Λ Tλ
⊗r
i=1∇xλ(i)⊗
⊗r+s
i=r+1 dxλ(i) be a tensor field of type (r, s) on A, where
Λ is the set of maps from {1, . . . , r + s} to {1, . . . , k}. We say that T is a Borel tensor
field on A if Tλ is a Borel function for every λ. We also say that T is differentiable at a.e.
a ∈ A if Tλ is differentiable at a.e. a ∈ A for every λ.
For two Borel tensor fields {Ti}i=1,2 of type (r, s) on A, we say that T1 is equivalent to
T2 on A if T1(a) = T2(a) holds for a.e. a ∈ A. Let us denote by [T ] the equivalent class
of T , denote by Γ0(T
r
sA) the set of equivalent classes of Borel tensor fields of type (r, s),
and denote by Γ1(T
r
sA) the set of [T ] ∈ Γ0(T rsA) represented by a Borel tensor field T of
type (r, s) which is differentiable at a.e. a ∈ A. We often write T = [T ] for brevity. See
subsection 3.1 in [Hon14] for the details of this subsection.
Remark 2.1. Throughout this paper we make no distinction between two objects which
are coincide at a.e. for simplicity. For instance if a function f on a metric measure space
(X, υ) satisfies that there exists a Borel subset A of X such that υ(X \ A) = 0 and that
f |A is Lipschitz, then we also say that f is Lipschitz on X .
2.3.2. Rectifiable metric measure spaces. Let (X, υ) be a metric measure space. We say
that (X, υ) is rectifiable if there exist m ∈ N, a collection {C li}1≤l≤m,i∈N of Borel subsets
C li of X , and a collection {φli}l,i of bi-Lipschitz embedding maps φli : C li →֒ Rl such that
the following three conditions hold:
• υ(X \⋃l,iC li) = 0.
• For any i, l and x ∈ C li we have
0 < lim inf
t→0
(
υ(Bt(x))
tl
)
≤ lim sup
t→0
(
υ(Bt(x))
tl
)
<∞.
• For any l, x ∈ ⋃i∈NC li and 0 < δ < 1 there exists i ∈ N such that x ∈ C li and
max
{
Lipφli,Lip(φ
l
i)
−1
} ≤ 1 + δ.
See [ChC00b, Definition 5.3] and the condition iii) of page 60 in [ChC00b] (see also
[Fed69]).
We say that a family A := {(C li , φli)}l,i as above is a rectifiable coordinate system of
(X, υ) and that each (C li , φ
l
i) is an l-dimensional rectifiable coordinate patch of A.
Assume that (X, υ) is rectifiable. We introduce several fundamental properties of rec-
tifiable metric measure spaces which include a generalization of Rademacher’s theorem to
such spaces:
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Theorem 2.2. [Ch99, ChC00b] There exist a topological space T ∗X and a Borel map
π : T ∗X → X such that the following hold.
(1) υ(X \ π(T ∗X)) = 0.
(2) For every w ∈ π(T ∗X), (π)−1(w)(=: T ∗wX) is a finite dimensional real Hilbert
space. We denote the inner product by 〈·, ·〉w. Let |v| :=
√〈v, v〉w for every
v ∈ T ∗wX.
(3) For every f ∈ LIPloc(X), there exist a Borel subset V of X, and a Borel map
df : V → T ∗X such that υ(X\V ) = 0, that π◦df ≡ idV and that |df |(w) = Lipf(w)
for every w ∈ V .
See Section 6 in [ChC00b] or page 458− 459 of [Ch99] (or subsection 2.3 in [Hon13a])
for the details.
Let A be a Borel subset of X . As an important corollary of Theorem 2.2 we see that if
a function f on A which is differentiable at a.e. a ∈ A, then df(a) ∈ T ∗aX is well-defined
for a.e. a ∈ A. Let us denote by Γ0(A) the set of Borel functions on A and denote by
Γ1(A) the set of f ∈ Γ0(A) which is differentiable at a.e. a ∈ A.
Moreover for any r, s ∈ Z≥0 we can define the (L∞-)vector bundle
πrs :
r⊗
i=1
TX ⊗
s⊗
j=1
T ∗X → X.
For convenience we use the following notation:
T rsA := (π
r
s)
−1(A).
We call a Borel measurable section T : A → T rsA a Borel tensor field of type (r, s) on
A. Let Γ0(T
r
sA) be the space of Borel tensor fields of type (r, s) on A. It is important
that for every T ∈ Γ0(T rsA), each restriction T |Cli∩A of T to C li ∩A can be regarded as in
Γ0(T
r
s φ
l
i(C
l
i ∩A)).
We also denote by 〈·, ·〉 the canonical metric on each fiber of T rsX which is defined by
that of T ∗X for short. In particular we call the canonical metric on TX the Riemannian
metric of (X, υ) and denote it sometimes by gX .
For every 1 ≤ p ≤ ∞, let
Lp(T rsA) := {T ∈ Γ0(T rsA); |T | ∈ Lp(A)}.
Note that Lp(T rsA) is a Banach space equipped with the L
p-norm and that gX ∈ L∞(T 02X).
For any V ∈ Γ0(TA) and f ∈ Γ1(A), let ∇f := (df)∗ ∈ Γ0(TA) and let V (f) := 〈V,∇f〉 ∈
Γ0(A), where
∗ is the canonical isometry T ∗xX
∼= TxX defined by the Riemannian metric
gX .
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Let U be an open subset of X . Let us denote by D2(divυ, U) the set of T ∈ L2(TU)
satisfying that there exists a unique h ∈ L2(U) such that
−
∫
U
fhdυ =
∫
U
〈∇f, T 〉dυ
holds for every f ∈ LIPc(U). Write divυT := h. We also denote the set of ω ∈ L2(T ∗U)
satisfying ω∗ ∈ D2(divυ, U) by D2(δυ, U). Then write δυω := −divυω∗. See subsection
2.3 in [Hon14] for the details of this subsection.
2.3.3. Weakly second-order differential structure. Let (X, υ) be a rectifiable metric mea-
sure space and let A := {(C li, φli)}i,l be a rectifiable coordinate system of (X, υ).
We say that A is a weakly second-order differential system of (X, υ) if φli ◦ (φlj)−1 is
weakly twice differentiable on φlj(C
l
i ∩ C lj) for any i, j.
Assume that A is a weakly second-order differential system of (X, υ).
Let A be a Borel subset of X . We say that a Borel tensor field T ∈ Γ0(T rsA) is
differentiable at a.e. a ∈ A (with respect to A) if each T |Cli∩A (recall that it can be regarded
as in Γ0(T
r
s φ
l
i(C
l
i ∩ A))) is in Γ1(T rs φli(C li ∩ A)). Let us denote by Γ1(T rsA;A) the set of
T ∈ Γ0(T rsA) which is differentiable at a.e. a ∈ A. We often write Γ1(T rsA) := Γ1(T rsA;A)
for brevity.
We say that a function f ∈ Γ0(A) is weakly twice differentiable on A (with respect to
A) if f ∈ Γ1(A) and df ∈ Γ1(T ∗A). Let us denote by Γ2(A) = Γ2(A;A) the set of weakly
twice differentiable functions on A. Note that for any U, V ∈ Γ1(TA), the Lie bracket
[U, V ] ∈ Γ0(TA) is well-defined by satisfying
[U, V ]f = U(V (f))− V (U(f))
for every f ∈ Γ2(A).
Similarly we can define Γ1(
∧k T ∗A) and the differential dω ∈ Γ0(∧k+1 T ∗A) of ω ∈
Γ1(
∧k T ∗A).
Assume gX ∈ Γ1(T 02X). We are now in a position to introduce a main result of [Hon14].
Theorem 2.3. [Hon14] There exists the Levi-Civita connection ∇gX on X uniquely in
the following sense:
(1) ∇gX is a map from Γ0(TX)× Γ1(TX) to Γ0(TX). Let ∇gXU V := ∇gX (U, V ).
(2) ∇gXU (V +W ) = ∇gXU V +∇gXU W for any U ∈ Γ0(TX) and V,W ∈ Γ1(TX).
(3) ∇gXfU+hVW = f∇gXU W + h∇gXV W for any U, V ∈ Γ0(TX), W ∈ Γ1(TX) and
f, h ∈ Γ0(X).
(4) ∇gXU (fV ) = U(f)V + f∇gXU V for any U ∈ Γ0(TX), V ∈ Γ1(TX) and f ∈ Γ1(X).
(5) ∇gXU V −∇gXV U = [U, V ] for any U, V ∈ Γ1(TX).
(6) UgX(V,W ) = gX(∇gXU V,W ) + gX(V,∇gXU W ) for any U ∈ Γ0(TX) and V,W ∈
Γ1(TX).
Note that ∇gX is local in the following sense:
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• The Levi-Civita connection induces the map ∇gX |A : Γ0(TA)×Γ1(TA)→ Γ0(TA)
by letting ∇gX |A(U, V ) := ∇gX1AU(1AV ).
Thus we use the same notation: ∇gX = ∇gX |A for brevity.
Next we introduce several key notions in this paper.
Proposition 2.4. [Hon14] Let f ∈ Γ2(A), let ω ∈ Γ1(T ∗A) and let W ∈ Γ1(TA).
Then there exist uniquely
(1) the covariant derivative∇gXω ∈ Γ0(T 02A) of ω such that∇gXω(U, V ) = gX(∇gXV ω∗, U)
for any U, V ∈ Γ0(TA);
(2) the Hessian HessgXf := ∇gXdf ∈ Γ0(T 02A) of f ;
(3) the divergence divgX W := tr(∇gXW ∗) ∈ Γ0(A) of W ;
(4) the codifferential δgXω := −divgXω∗ ∈ Γ0(A) of ω;
(5) the Laplacian ∆gXf := −divgX (∇gXf) = δgX (df) = −tr(HessgXf ) ∈ Γ0(A) of f .
Moreover we have the following:
(a) HessgXf (x) is symmetric for a.e. x ∈ A.
(b) divgX (hW ) = hdivgXW + gX(∇h,W ) for every h ∈ Γ1(A).
(c) ∆gX(fh) = h∆gXf − 2gX(∇f,∇h) + f∆gXh for every h ∈ Γ2(A).
More generally we can also define the covariant derivative of tensor fields ∇gX :
Γ1(T
r
sA) → Γ0(T rs+1A) in the ordinary way of Riemannian geometry (c.f. [S96]), i.e.,
for every T ∈ Γ1(T rsA), ∇gXT ∈ Γ0(T rs+1A) is defined by satisfying that〈
∇gXT,
r⊗
i=1
Vi ⊗
s+1⊗
j=1
ωj
〉
= ω∗s+1
(〈
T,
r⊗
i=1
Vi ⊗
s⊗
j=1
ωj
〉)
−
r∑
i=1
〈
T, V1 ⊗ · · · ⊗ Vi−1 ⊗∇gXω∗s+1Vi ⊗ Vi+1 ⊗ · · · ⊗ Vr ⊗
s⊗
j=1
ωj
〉
−
s∑
j=1
〈
T,
r⊗
i=1
Vi ⊗ ω1 ⊗ · · · ⊗ ωj−1 ⊗
(
∇gXω∗s+1ω
∗
j
)∗
⊗ ωj+1 ⊗ · · · ⊗ ωs
〉
(2.1)
for any Vi ∈ Γ1(TA) and ωj ∈ Γ1(T ∗A). For any T ∈ Γ1(T rsA) and V ∈ Γ0(TA) we define
∇gXV T ∈ Γ0(T rsA) by satisfying that〈
∇gXV T,
r⊗
i=1
Vi ⊗
s⊗
j=1
ωj
〉
=
〈
∇gXT,
r⊗
i=1
Vi ⊗
s⊗
j=1
ωj ⊗ V ∗
〉
for any Vi ∈ Γ0(TA) and ωj ∈ Γ0(T ∗A). Then it is easy to check that
∇gXgX ≡ 0
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and that
dω(V0, . . . , Vk) =
k∑
i=0
(−1)i(∇gXVi ω)(V0, . . . , Vi−1, Vi+1, . . . , Vk) (2.2)
for any ω ∈ Γ1(
∧k T ∗A) and Vi ∈ Γ0(TA).
Let Aˆ be a weakly second-order differential system of (X, υ). It is trivial that ifA and Aˆ
are compatible (see subsection 1.1 for the definition), then the notions introduced here are
compatible, i.e., for instance we see that Γ2(A;A) = Γ2(A; Aˆ), Γ1(T rsA;A) = Γ1(T rsA; Aˆ)
and so on.
2.4. Sobolev and Poincare´ inequalities. Let (X, υ) be a metric measure space and
let p, q ∈ [1,∞).
Definition 2.5. Let U be an open subset of X .
(1) We say that (X, υ) satisfies the (q, p)-Sobolev inequality on U for a pair (A,B) of
some A,B ≥ 0 if(∫
U
|f |qdυ
)p/q
≤ A
∫
U
|Lipf |pdυ +B
∫
U
|f |pdυ (2.3)
holds for every f ∈ LIPc(U).
(2) We say that (X, υ) satisfies the (q, p)-Poincare´ inequality on U for some τ ≥ 0 if(
1
υ(Br(x))
∫
Br(x)
∣∣∣∣f − 1υ(Br(x))
∫
Br(x)
fdυ
∣∣∣∣q dυ)1/q ≤ τr( 1υ(Br(x))
∫
Br(x)
|Lipf |pdυ
)1/p
(2.4)
holds for any x ∈ U , r > 0 with Br(x) ⊂ U , and f ∈ LIPloc(U).
Remark 2.6. In Definition 2.5 let us consider the case that U = BR(z) for some R > 0
and z ∈ X .
By using a cut-off function, it is not difficult to check that if (2.4) holds for any f ∈
LIPc(BR(z)), x ∈ BR(z) and r > 0 with Br(x) ⊂ BR(z), then (X, υ) satisfies the (q, p)-
Poincare´ inequality on BR(z) for τ . In particular (2.4) holds for any f ∈ LIP(X), x ∈
BR(z) and r > 0 with Br(x) ⊂ BR(z) if and only if (X, υ) satisfies the (q, p)-Poincare´
inequality on BR(z) for τ .
Remark 2.7. Let U be a bounded open subset of X , let τ, R > 0 and let z ∈ X . Then
it is not difficult to check the following.
(1) If q ≤ p, then (X, υ) satisfies the (q, p)-Sobolev inequality on U for (0, υ(U)p/q−1).
(2) If (X, υ) satisfies the (q, p)-Sobolev inequality on U for some (A,B), then for every
qˆ ≤ q, (X, υ) satisfies the (qˆ, p)-Sobolev inequality on U for (υ(U)(q−qˆ)/(qqˆ)A, υ(U)(q−qˆ)/(qqˆ)B).
(3) If (X, υ) satisfies the (q, p)-Poincare´ inequality on BR(z) for τ , then (X, υ) satisfies
the (q, p)-Sobolev inequality onBR(z) for (2
p−1τ pRpυ(BR(z))
p/q−1, 2p−1υ(BR(z))
p/q−1).
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We introduce the following Poincare´ inequality given by Maheux-Saloff-Coste in [MS95,
The´ore`me 1.1] (c.f. [Heb91, Theorem 3.21] and [HK00, Theorem 5.1]):
Theorem 2.8. [MS95] Let R > 0 and let (X, x, υ) ∈M(n,K). Then for any 1 ≤ p < n
and p ≤ q ≤ np/(n − p), (X, υ) satisfies the (q, p)-Poincare´ inequality on BR(x) for
C1e
C2(1+
√
|K|R), where C1 := C1(p, q) > 0 and C2 := C2(n) > 0.
2.5. Ricci limit spaces.
2.5.1. Rectifiability, weakly second-order differential structure and dimension. Let (X, x, υ) ∈
M(n,K) with diamX > 0. We say that a pointed proper metric measure space (Y, y, ν)
is a tangent cone of (X, υ) at a point z ∈ X if there exists a sequence {ri}i of ri > 0
with ri → 0 such that (X, z, υ/υ(Bri(z)), r−1i dX) GH→ (Y, y, ν). For every 1 ≤ k ≤ n, let us
denote by Rk the set of z ∈ X satisfying that every tangent cone (Y, y, ν) of (X, υ) at z
is isometric to (Rk, 0k, H
k/Hk(B1(0k))), where 0k = (0, . . . , 0) ∈ Rk. Let
R :=
n⋃
k=1
Rk.
We first introduce several Cheeger-Colding’s results:
Theorem 2.9. [ChC97, ChC00a, ChC00b] We have the following:
(1) For any 1 < p < ∞ and open subset U of X, the Sobolev space H1,p(U) is well-
defined. Moreover if U = BR(z) for some z ∈ X and R > 0, then LIPloc(BR(z))∩
H1,p(BR(z)) is dense in H
1,p(BR(z)).
(2) (X, υ) is rectifiable. Moreover for every open subset U of X we see that H1,p(U) ⊂
Γ1(U) and that
||f ||H1,p = (||f ||pLp + ||df ||pLp)1/p
for every f ∈ H1,p(U). In particular for every f ∈ H1,p(U) ∩ LIPloc(U) we have
||f ||H1,p = (||f ||pLp + ||Lipf ||pLp)1/p.
(3) The bilinear form ∫
X
〈df, dg〉dυ
on H1,2(X) gives a canonical Dirichlet form on L2(X) (see [Fuks80]).
(4) υ(X \ R) = 0.
(5) The following four conditions (called noncollapsed conditions) are equivalent:
(a) The Hausdorff dimension of X is equal to n.
(b) Rn 6= ∅.
(c) Ri = ∅ for every i < n.
(d) υ = Hn/Hn(B1(x)).
Next we introduce a Colding-Naber’s result:
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Theorem 2.10. [CN12] There exists a unique k such that
υ(R \Rk) = 0.
We call k the dimension of X and we denote it by dimX.
By Theorem 2.10 with an argument similar to the proof of (2) of Theorem 2.9 we have
the following (see also [Hon11]):
• For every convergent sequence {(Xi, xi, υi)} of (Xi, xi, υi) ∈M(n,K) to (X, x, υ),
there exist
– a subsequence {i(j)}j,
– a rectifiable system A = {(Cl, φl)}l satisfying that (Cl, φl) is k-dimensional
for every l,
– a collection {Brl(yl)}l of Brl(yl) ⊂ X with Cl ⊂ Brl(yl),
– a collection {hl}l of C(n,K)-Lipschitz harmonic maps hl : Brl(yl) → Rk
(which means that hl,j is harmonic for every j, where hl := (hl,1, . . . , hl,k))
with
hl|Cl = φl.
– sequences {yi(j),l}j<∞,l of yi(j),l ∈ Xi(j) with yi(j),l GH→ yl as j →∞ and
– sequences {hi(j),l}j<∞,l of C(n,K)-Lipschitz harmonic maps hi(j),l : Brl(yi(j),l)→
Rk satisfying that hi(j),l converges uniformly to hl on Brl(yl) as j →∞.
A main result of [Hon14] is the following.
Theorem 2.11. [Hon14] For A as above, we see that A is a weakly second-order dif-
ferential system of (X, υ). We say that A is a weakly second-order differential system of
(X, υ) associated with {(Xi(j), xi(j), υi(j))}j or more simply, a harmonic rectifiable system
of (X, υ) associated with {(Xi(j), xi(j), υi(j))}j.
2.5.2. Lp-convergence. Let R > 0, let {pi}i≤∞ be a convergent sequence in (1,∞) and
let (Xi, xi, υi)
GH→ (X∞, x∞, υ∞) in M(n,K) with diamX∞ > 0. We first introduce
a generalization of the notion of the Lp-convergence for functions with respect to the
Gromov-Hausdorff topology defined by Kuwae-Shioya in [KS03a, KS08].
Definition 2.12. [KS03a, KS08, Hon13a] Let {fi}i≤∞ be a sequence of fi ∈ Lpi(BR(xi)).
(1) We say that fi {Lpi}i-converges weakly to f∞ on BR(x∞) if the following two
conditions hold:
(a) supi ||fi||Lpi(BR(xi)) <∞.
(b) For any convergent sequence {zi}i≤∞ of zi ∈ BR(xi) and r > 0 with Br(z∞) ⊂
BR(x∞), we have
lim
i→∞
∫
Br(zi)
fidυi =
∫
Br(z∞)
f∞dυ∞.
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Moreover if pi ≡ p, then we call this an Lp-weak convergence (with respect to
the Gromov-Hausdorff topology).
(2) We say that fi {Lpi}i-converges strongly to f∞ on BR(x∞) if the following two
conditions hold:
(a) fi {Lpi}i-converges weakly to f∞ on BR(x∞).
(b) lim supi→∞ ||fi||Lpi(BR(xi)) ≤ ||f∞||Lp∞(BR(x∞)).
Moreover if pi ≡ p, then we also call this an Lp-strong convergence (with respect
to the Gromov-Hausdorff topology).
Note that if pi ≡ p, then the notions above are equivalent to that defined by Kuwae-
Shioya in [KS03a, KS08]. In particular if (Xi, xi, υi) ≡ (X, x, υ), then these coincide with
that in the ordinary sense. See [Hon13a, Remark 3.77].
Remark 2.13. Let {fi}i≤∞ be a sequence of fi ∈ C0(BR(xi)). Assume that supi≤∞ ||fi||L∞ <
∞ and that {fi}i<∞ is asymptotically uniformly equicontinuous on BR(x∞), i.e., for ev-
ery ǫ > 0 there exist i0 ∈ N and δ > 0 such that for any i ≥ i0 and α, β ∈ BR(xi)
with dXi(α, β) < δ we have |fi(α) − fi(β)| < ǫ (see [Hon13a, Definition 3.2]). Then the
following three conditions are equivalent:
• fi converges uniformly to f∞ on BR(x∞).
• fi {Lpi}i-converges weakly to f∞ on BR(x∞) for some convergent sequence {pi}i
in (1,∞).
• fi {Lpi}i-converges strongly to f∞ on BR(x∞) for every convergent sequence {pi}i
in (1,∞).
See [Hon13a, Remark 3.8 and Proposition 3.32].
Next we consider the case of tensor fields. We denote by rz the distance function from
z.
Definition 2.14. [Hon13a] Let r, s ∈ Z≥0 and let {Ti}i≤∞ be a sequence of Ti ∈
Lpi(T rsBR(xi)).
(1) We say that Ti {Lpi}i-converges weakly to T∞ on BR(x∞) if the following two
conditions hold:
(a) supi ||Ti||Lpi(BR(xi)) <∞.
(b) For any convergent sequence {zi}i≤∞ of zi ∈ BR(xi), sequences {zi,j}i≤∞,1≤j≤r+s
of zi,j ∈ Xi with zi,j GH→ z∞,j as i → ∞, and r > 0 with Br(z∞) ⊂ BR(x∞),
we have
lim
i→∞
∫
Br(zi)
〈
Ti,
r⊗
j=1
∇rzi,j ⊗
r+s⊗
j=r+1
drzi,j
〉
dυi =
∫
Br(z∞)
〈
T∞,
r⊗
j=1
∇rz∞,j ⊗
r+s⊗
j=r+1
drz∞,j
〉
dυ∞.
(2) We say that Ti {Lpi}i-converges strongly to T∞ on BR(x∞) if the following two
conditions hold:
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(a) Ti {Lpi}i-converges weakly to T∞ on BR(x∞).
(b) lim supi→∞ ||Ti||Lpi(BR(xi)) ≤ ||T∞||Lp∞(BR(x∞)).
The fundamental properties of these convergence include the following (see [Hon13a]):
• Every {Lpi}i-bounded sequence has an {Lpi}i-weak convergent subsequence.
• Lpi-norms are lower semicontinuous with respect to the {Lpi}i-weak convergence.
• Every {Lpi}i-weak (or {Lpi}i-strong, respectively) convergent sequence is also an
{Lqi}i-weak (or {Lpi}i-strong, respectively) convergent sequence for every conver-
gent sequence {qi}i≤∞ in (1,∞) with qi ≤ pi for every i.
We also proved in [Hon13a] that Riemannian metrics of Ricci limit spaces behave Lp-weak
continuously with respect to the Gromov-Hausdorff topology for every 1 < p < ∞ (see
also Remark 6.17). As a corollary we knew the following.
Theorem 2.15. [Hon13a] The function dim : M(n,K) → {0, 1, . . . , n} is lower semi-
continuous, where dimX := 0 when X is a single point.
We say that a convergent sequence (Xi, xi, υi)
GH→ (X∞, x∞, υ∞) in M(n,K) is noncol-
lapsed if
lim
i→∞
dimXi = dimX∞.
Note that this notion is well-known if (Xi, xi, υi) ∈M(n,K) for every i <∞ (see Theorem
2.9).
A main result of [Hon13a] is the following which is a Rellich type compactness for
functions with respect to the Gromov-Hausdorff topology.
Theorem 2.16. [Hon13a] Let {fi}i<∞ be a sequence of fi ∈ H1,pi(BR(xi)) with supi ||fi||H1,pi <
∞. Then there exist f∞ ∈ H1,p∞(BR(x∞)) and a subsequence {fi(j)}j such that fi(j)
{Lpi(j)}j-converges strongly to f∞ on BR(x∞) and that ∇fi(j) {Lpi(j)}j-converges weakly
to ∇f∞ on BR(x∞).
See [Hon13a, Remark 3.77 and Theorem 4.9].
2.5.3. Generalized Yamabe constants. Let (X, υ) ∈ M(n,K, d) with diamX > 0, let
2 < p ≤ ∞ and let g ∈ Lp/2(X). We define the p-Yamabe constant Y gp (X) of (X, υ)
associated with g (in the sense of Akutagawa-Carron-Mazzeo) by
Y gp (X) := inf
f
∫
X
(|∇f |2 + g|f |2) dυ, (2.5)
where f runs over all f ∈ LIP(X) with ||f ||L2p/(p−2) = 1.
Note that by definition we have the following:
• Y gn (X) = Y g(X) (Y g(X) is defined in subsection 1.3).
• Y g∞(X) = λg0(X) if (X, υ) satisfies the (2p/(p− 2), 2)-Sobolev inequality on X for
some (A,B).
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• It follows from the Ho¨lder inequality that
−
(∫
X
|g|p/2dυ
)2/p
≤ Y gp (X) ≤
∫
X
gdυ. (2.6)
By Theorem 2.9 and [ACM13, Theorem 3.1] we have the following:
Theorem 2.17. [ACM13] Assume that there exist A,B > 0 such that (X, υ) satisfies
the (2p/(p− 2), 2)-Sobolev inequality on X for (A,B) and that
Y gp (X) < A
−1.
Then there exists a minimizer f ∈ H1,2(X) of (2.5).
Note that they discussed a regularity of minimizers of (2.5) in [ACM13].
2.5.4. Gigli’s Sobolev spaces on Ricci limit spaces. Let (X, υ) ∈M(n,K, d) with diamX >
0. We first recall Gigli’s Sobolev space W 1,2C (TX) for vector fields on X defined in [G14]:
• Let W 2,2(X) be the set of f ∈ H1,2(X) satisfying that there exists A ∈ L2(T 02X)
such that
2
∫
X
g0 〈A, dg1 ⊗ dg2〉 dυ
=
∫
X
(−〈∇f,∇g1〉divυ(g0∇g2)− 〈∇f,∇g2〉divυ(g0∇g1)− g0 〈∇f,∇〈∇g1,∇g2〉〉) dυ
(2.7)
for any gi ∈ TestF (X). Since A is unique if it exists because
TestT 02X :=
{
N∑
i=1
g0,idg1,i ⊗ dg2,i;N ∈ N, gi,j ∈ TestF (X)
}
is dense in L2(T 02X), we denote A by Hess
υ
f . Moreover we see that TestF (X) ⊂
W 2,2(X) and that W 2,2(X) is a Hilbert space equipped with the norm
||f ||W 2,2 :=
(||f ||2H1,2 + ||Hessυf ||2L2)1/2 .
• LetW 1,2C (TX) be the set of V ∈ L2(TX) satisfying that there exists T ∈ L2(T 11X)
such that∫
X
g0 〈T,∇g1 ⊗ dg2〉 dυ = −
∫
X
(〈V,∇g1〉divυ(g0∇g2) + g0 〈Hessυg1, V ∗ ⊗ dg2〉) dυ
for any gi ∈ TestF (X). Since T is unique if it exists, we denote it by ∇υV .
Moreover we see that W 1,2C (TX) is also a Hilbert space equipped with the norm
||V ||W 1,2C :=
(||V ||2L2 + ||∇υV ||2L2)1/2 .
See subsection 3.2 in [G14] for the detail. Note that as we mentioned in subsection 1.4, we
use a slight modified version of the original Gigli’s definition of W 1,2C (TX) in this paper.
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Remark 2.18. The original definition of W 1,2C (TX) by Gigli in [G14] is as follows: Let
W 1,2C (TX) be the set of V ∈ L2(TX) satisfying that there exists Tˆ ∈ L2(T 20X) such that∫
X
g0〈Tˆ ,∇g1 ⊗∇g2〉dυ = −
∫
X
(〈V,∇g2〉divυ(g0∇g1) + g0〈Hessυg2 , V ∗ ⊗ dg1〉) dυ
for any gi ∈ TestF (X). Thus Tˆ coincides with ∇υV via the identification (1.11).
For any V ∈ W 1,2C (TX) andW ∈ Lp(TX) we define∇υWV ∈ L2p/(p+2)(TX) by satisfying
〈∇υWV, Z〉 = 〈∇υV, Z ⊗W ∗〉
for every Z ∈ Γ0(TX), where p ∈ [2,∞]. Compare with [G14, (3.4.6)]. For any V,W ∈
W 1,2C (TX) we define the Lie bracket [V,W ]
υ ∈ L1(TX) in Gigli’s sense by
[V,W ]υ := ∇υVW −∇υWV.
For convenience we use the following notation:
∇rsh := ∇h1 ⊗ · · · ⊗ ∇hr ⊗ dhr+1 ⊗ · · · ⊗ dhr+s ∈ Γ0(T rsX)
for any hi ∈ Γ1(X), where h = (h1, . . . , hr+s).
We are now in a position to define the Sobolev space W 1,2C (T
r
sX) for tensor fields in the
same manner of [G14] by Gigli:
Definition 2.19. Let W 1,2C (T
r
sX) be the set of T ∈ L2(T rsX) satisfying that there
exists S ∈ L2(T rs+1X) such that∫
X
g0
〈
S,∇rs+1g
〉
dυ = −
∫
X
(〈
T,∇rsg(r+s+1)
〉
divυ(g0∇gr+s+1) +
r+s∑
j=1
g0
〈
T ∗, RXj (g)
〉)
dυ
(2.8)
holds for any gj ∈ TestF (X), where g := (g1, . . . , gr+s+1), g(r+s+1) := (g1, . . . , gr+s),
RXj (g) := ∇g1 ⊗ · · · ⊗ ∇gj−1 ⊗
(∇υ∇gr+s+1∇gj)⊗∇gj+1 ⊗ · · · ⊗ ∇gr+s+1 (2.9)
and ∗ is the canonical isometry:
T rsX
∼= T r+s0 X
r⊗
i=1
vi ⊗
s⊗
j=1
wj 7→
r⊗
i=1
vi ⊗
s⊗
j=1
w∗j .
Since S is unique if it exists we write it by ∇υT .
Note that if (X, υ) is a smooth compact metric measure space and T ∈ C∞(T rsX), then
∇T = ∇υT , where ∇T is the covariant derivative as a smooth tensor field in the manner
of [S96].
By an argument similar to the proof of [G14, Theorem 3.4.2] we see that W 1,2C (T
r
sX) is
a Hilbert space equipped with the norm
||T ||W 1,2C :=
(||T ||2L2 + ||∇υT ||2L2)1/2 ,
RICCI CURVATURE 29
that
TestT rsX :=
{
N∑
k=1
hk0∇rshk;N ∈ N, hk = (hk1, . . . , hkr+s), hki ∈ TestF (X)
}
is a linear subspace of W 1,2C (T
r
sX) and that {(T,∇υT );T ∈ W 1,2C (T rsX)} is a closed subset
of L2(T rsX)× L2(T rs+1X). Let H1,2C (T rsX) be the closure of TestT rsX in W 1,2C (T rsX).
We also recall Gigli’s exterior derivative dυ:
• Let W 1,2d (
∧k T ∗X) be the set of ω ∈ L2(∧k T ∗X) satisfying that there exists
η ∈ L2(∧k+1 T ∗X) such that∫
X
η(V0, . . . , Vk)dυ =
∑
i
(−1)i+1
∫
X
ω(V0, . . . , Vi−1, Vi+1, . . . Vk)div
υVidυ
+
∑
i<j
(−1)i+j
∫
X
ω([Vi, Vj]
υ, V0, . . . , Vi−1, Vi+1, . . . , Vj−1, Vj+1, . . . , Vk)dυ
(2.10)
for any Vi ∈ TestT 10X . Since η is unique if it exists we denote it by dυω. Moreover
we see that TestFormkX ⊂ W 1,2d (
∧k T ∗X) and that W 1,2d (∧k T ∗X) is a Hilbert
space equipped with the norm
||ω||W 1,2d :=
(||ω||2L2 + ||dυω||2L2)1/2 .
Let H1,2d (
∧k T ∗X) be the closure of TestFormkX in W 1,2d (∧k T ∗X).
See subsection 1.4 for the definition of the codifferential δυk and the Hodge Laplacian ∆
υ
H,k
for differential k-forms. Note that δυ1 coincides with δ
υ introduced in subsection 2.3.2. See
[G14, (3.5.13)].
Remark 2.20. Recall a mollified heat flow from [G14, (3.2.3)],
h˜ǫf :=
1
ǫ
∫ ∞
0
hsfφ(sǫ
−1)ds, (2.11)
where hs is the heat flow and φ is a nonnegatively valued smooth function on (0, 1) with
compact support and ∫ 1
0
φ(s)ds = 1.
By using this Gigli proved an existence of the following approximation: For every f ∈
LIP(X) there exists a sequence {fi}i of fi ∈ TestF (X) such that supiLipfi < ∞, that
fi → f in H1,2(X) and that ∆υfi ∈ L∞(X) for every i.
By using this approximation, it is not difficult to check the following:
• For every f ∈ W 2,2(X), we see that (2.7) holds for any g1, g2 ∈ TestF (X) and
g0 ∈ LIP(X).
• For every T ∈ W 1,2C (T rsX), we see that (2.8) holds for any {gi}1≤i≤r+s+1 ⊂
TestF (X) and g0 ∈ LIP(X).
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3. Lp-convergence revisited
In this section we prove several new results on the Lp-convergence with respect to the
Gromov-Hausdorff topology. They play crucial roles in the proofs of results introduced in
Section 1.
3.1. Stabilities of Sobolev and Poincare´ inequalities. In this subsection we give
two ‘stabilities’. The first one is the following which is a stability of Sobolev inequalities
with respect to the Gromov-Hausdorff topology.
Theorem 3.1. Let R > 0, let {qi}i≤∞ and {pi}i≤∞ be convergent sequences in [1,∞),
let {Aˆi, Bˆi}i<∞ be bounded sequences in [0,∞), and let (Xi, xi, υi) GH→ (X∞, x∞, υ∞)
in M(n,K) with diamX∞ > 0. Assume that for every i < ∞, (Xi, υi) satisfies the
(qi, pi)-Sobolev inequality on BR(xi) for (Aˆi, Bˆi). Then we see that (X∞, υ∞) satisfies the
(q∞, p∞)-Sobolev inequality on BR(x∞) for (lim inf i→∞ Aˆi, lim inf i→∞ Bˆi).
Proof. Without loss of generality we can assume that the limits limi→∞ Aˆi and limi→∞ Bˆi
exist.
Let f∞ ∈ LIPc(BR(x∞)) and let r ∈ (0, R) with supp f∞ ⊂ Br(x∞). By applying
[Hon11, Theorem 4.2] for Ai := BR(xi) \ Br(xi) and A∞ := BR(x∞) \ Br(x∞) there,
without loss of generality we can assume that there exists a sequence {fi}i ∈ LIPc(BR(xi))
such that fi,∇fi Lr-converge strongly to f∞,∇f∞ on BR(x∞) for every 1 < r < ∞,
respectively. Since(∫
BR(xi)
|fi|qidυi
)pi/qi
≤ Aˆi
∫
BR(xi)
|∇fi|pidυi + Bˆi
∫
BR(xi)
|fi|pidυi
for every i <∞, letting i→∞ completes the proof. 
See [Heb91, Heb96, HV95] for the sharp Sobolev inequality on Riemannian manifolds.
Similarly, by Remark 2.6, we have the following stability of Poincare´ inequalities with
respect to the Gromov-Hausdorff topology. See [Ch99] and [K03] for related works.
Theorem 3.2. Let R > 0, let {qi}i≤∞ and {pi}i≤∞ be convergent sequences in [1,∞),
let {τi}i be a bounded sequence in [0,∞), and let (Xi, xi, υi) GH→ (X∞, x∞, υ∞) in M(n,K)
with diamX∞ > 0. Assume that for every i < ∞, (Xi, υi) satisfies the (qi, pi)-Poincare´
inequality on BR(xi) for τi. Then we see that (X∞, υ∞) satisfies the (q∞, p∞)-Poincare´
inequality on BR(x∞) for lim inf i→∞ τi.
3.2. Sobolev embeddings. The main purpose of this subsection is to introduce two
‘embedding’ theorems. In order to introduce them we first give the following:
Proposition 3.3. Let r, s ∈ Z≥0, let R > 0, let 1 < p < q < ∞, let (Xi, xi, υi) GH→
(X∞, x∞, υ∞) inM(n,K), and let {Ti}i≤∞ be an Lp-strong convergent sequence on BR(x∞)
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of Ti ∈ Lq(T rsBR(xi)) with supi ||Ti||Lq < ∞. Then we see that Ti Lt-converges strongly
to T∞ on BR(x∞) for every 1 < t < q.
Proof. By [Hon13a, Propositions 3.22 and 3.56] there exist a sequence {Ti,j}i≤∞,j<∞
of Ti,j ∈ L∞(T rsBR(xi)) such that Ti,j Lt-converges strongly to T∞,j on BR(x∞) for any
t ∈ (1,∞) and j, that T∞,j → T∞ in Lq(T rsBR(x∞)), and that
sup
i
||Ti,j||L∞ <∞
for every j (see also [Hon13a, Proposition 3.69]). Thus there exists a subsequence {j(i)}i
of N such that Tˆi := Ti,j(i) L
q-converges strongly to T∞ on BR(x∞). For every i <∞, let
ǫi :=
∫
BR(xi)
|Ti − Tˆi|pdυi + i−1
and let Ai := {y ∈ BR(xi); |Ti − Tˆi|p(y) ≥ ǫ1/2i }. Note that ǫi → 0 as i → ∞. Then we
have
υi(Ai) ≤ ǫ−1/2i
∫
Ai
|Ti − Tˆi|pdυi ≤ ǫ−1/2i
∫
BR(xi)
|Ti − Tˆi|pdυi ≤ ǫ1/2i → 0
as i→∞. Therefore∫
BR(xi)
|Ti − Tˆi|tdυi =
∫
Ai
|Ti − Tˆi|tdυi +
∫
BR(xi)\Ai
|Ti − Tˆi|tdυi
≤ (υi(Ai))(q−t)/q
(∫
BR(xi)
|Ti − Tˆi|qdυi
)t/q
+ υi(BR(xi))ǫ
t/(2p)
i → 0
as i→∞. This completes the proof. 
We now recall that in [HK00] Haj lasz-Koskela gave a generalization of the Rellich-
Kondrachov compactness to the metric measure space setting in the following sense: If
a metric measure space (X, υ) satisfies a doubling condition and the (q, p)-Poincare´ in-
equality on a ball BR(x) ⊂ X for some τ , then we see that H1,p(BR(x)) →֒ Lq(BR(x))
and that the embedding H1,p(BR(x)) →֒ Lr(BR(x)) is compact for every r < q.
We now give a generalization of this to the Gromov-Hausdorff setting which is the first
embedding theorem:
Theorem 3.4. Let R > 0, let {qi}i≤∞ and {pi}i≤∞ be convergent sequences in (1,∞),
let (Xi, xi, υi)
GH→ (X∞, x∞, υ∞) in M(n,K) with diamX∞ > 0, and let {fi}i<∞ be a
sequence of fi ∈ H1,pi(BR(xi)) with supi ||fi||H1,pi(BR(xi)) <∞. Assume
sup
i<∞
||fi||Lqi(BR(xi)) <∞. (3.1)
Then there exist f∞ ∈ Lq∞(BR(x∞)) and a subsequence {fi(j)}j such that fi(j) {Lqi}i-
converges weakly to f∞ on BR(x∞) and that fi(j) L
r-converges strongly to f∞ on BR(x∞)
for every 1 < r < q∞.
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Proof. It is a direct consequence of Theorem 2.16 and Proposition 3.3 
The following is the second embedding theorem:
Theorem 3.5. Let {qi}i≤∞ and {pi}i≤∞ be convergent sequences in (1,∞), let (Xi, υi) GH→
(X∞, υ∞) inM(n,K, d) with diamX∞ > 0, and let {fi}i≤∞ be a sequence of fi ∈ H1,pi(Xi)
satisfying that fi {Lpi}i-converges weakly to f∞ on X∞ and that ∇fi {Lpi}i-converges
strongly to ∇f∞ on X∞. Assume that there exist A,B > 0 such that for every i < ∞,
(Xi, υi) satisfies the (qi, pi)-Sobolev inequality on Xi for (A,B). Then we see that fi
{Lri}i-converges strongly to f∞ on X∞, where ri = max{pi, qi}.
Proof. Theorem 2.16 yields that fi {Lpi}i-converges strongly to f∞ on X∞. Thus it
suffices to check that this is also an {Lqi}i-strong convergence.
By Theorem 2.9 and an argument similar to the proof of Theorem 3.1 without loss
of generality we can assume that there exist sequences {fi,j}i≤∞,j<∞ of fi,j ∈ LIP(Xi)
such that fi,j,∇fi,j Lr-converge strongly to f∞,j,∇f∞,j on X∞ as i → ∞ for any r, j,
respectively and that f∞,j → f∞ in H1,p∞(X∞) as j →∞.
Note(∫
Xi
|fi − fi,j|qi dυi
)pi/qi
≤ A
∫
Xi
|∇(fi − fi,j)|pi dυi +B
∫
Xi
|fi − fi,j|pidυi. (3.2)
Since the right hand side of (3.2) goes to 0 as i→∞ and j →∞, we have
lim
j→∞
(
lim sup
i→∞
∫
Xi
|fi − fi,j|qi dυi
)
= 0.
This completes the proof. 
3.3. Fatou’s lemma in the Gromov-Hausdorff setting. Throughout this subsection
we always consider the following setting:
• Let R > 0.
• Let (Xi, xi, υi) GH→ (X∞, x∞, υ∞) in M(n,K) with diamX∞ > 0.
• Let {fi}i≤∞ be a sequence of fi ∈ L1loc(BR(xi)), where L1loc(BR(xi)) is the space of
locally L1-functions on BR(xi).
The main purpose of this subsection is to introduce a generalization of Fatou’s lemma to
the Gromov-Hausdorff setting. In order to give the precise statement we introduce the
following.
Definition 3.6. (1) We say that {fi}i is L1loc-weakly lower semicontinuous at a
point z∞ ∈ BR(x∞) if for every ǫ > 0 there exist r0 > 0 and a convergent sequence
{zi}i≤∞ of zi ∈ BR(xi) such that
lim inf
i→∞
(
1
υi(Br(zi))
∫
Br(zi)
fidυi
)
− 1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞ ≥ −ǫ
holds for every r < r0.
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(2) We say that {fi}i is L1loc-weakly upper semicontinuous at a point z∞ ∈ BR(x∞) if
for every ǫ > 0 there exist r0 > 0 and a convergent sequence {zi}i≤∞ of zi ∈ BR(xi)
such that
lim sup
i→∞
(
1
υi(Br(zi))
∫
Br(zi)
fidυi
)
− 1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞ ≤ ǫ
holds for every r < r0.
(3) We say that {fi}i is L1loc-weakly continuous at a point z∞ ∈ BR(x∞) if for every
ǫ > 0 there exist r0 > 0 and a convergent sequence {zi}i≤∞ of zi ∈ BR(xi) such
that
lim sup
i→∞
∣∣∣∣ 1υi(Br(zi))
∫
Br(zi)
fidυi − 1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣ ≤ ǫ
holds for every r < r0.
Compare with [Hon13a, Definition 3.4].
The following is a generalization of Fatou’s lemma to the Gromov-Hausdorff setting.
The proof is essentially same to that of [Hon13a, Proposition 3.5], however we give a proof
for reader’s convenience:
Proposition 3.7. Assume that fi ≥ 0 for every i ≤ ∞ and that {fi}i L1loc-weakly
lower semicontinuous at a.e. z∞ ∈ BR(x∞). Then we have
lim inf
i→∞
∫
BR(xi)
fidυi ≥
∫
BR(x∞)
f∞dυ∞.
Proof. Without loss of generality we can assume that supi<∞ ||fi||L1(BR(xi)) <∞.
Let K be a Borel subset of BR(x∞) satisfying that υ∞(BR(x∞) \K) = 0 and that {fi}i
is L1loc-weakly lower semicontinuous at every z∞ ∈ K.
Fix ǫ > 0. By a standard covering argument (c.f. [Sim83] or [Hon11, Proposiiton 2.2])
and our assumption, there exist a pairwise disjoint countable collection {Brk(w∞,k)}k
and sequences {wi,k}i≤∞,k of wi,k ∈ BR(xi) with wi,k GH→ w∞,k as i → ∞ such that
B5rk(w∞,k) ⊂ BR(x∞), that w∞,k ∈ K, that K \
⋃N
k=1Brk(w∞,k) ⊂
⋃∞
k=N+1B5rk(w∞,k)
for every N ∈ N, and that
lim inf
i→∞
(
1
υi(Brk(wi,k))
∫
Brk (wi,k)
fidυi
)
≥ 1
υ∞(Brk(w∞,k))
∫
Brk (w∞,k)
f∞dυ∞ − ǫ.
Let N0 ∈ N with
∑∞
k=N0+1
υ∞(B5rk(w∞,k)) < ǫ and let K
ǫ := K ∩ ⋃N0k=1Brk(w∞,k).
Then we have∫
Kǫ
f∞dυ∞ ≤
N0∑
k=1
∫
Brk (w∞,k)
f∞dυ∞ ≤
N0∑
k=1
(∫
Brk (wi,k)
fidυi + 2ǫυi(Brk(wi,k))
)
≤
∫
BR(xi)
fidυi + 2ǫυi(BR(xi))
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for every sufficiently large i. Since υ∞(BR(x∞) \Kǫ) < ǫ, by letting i → ∞ and ǫ → 0,
the dominated convergence theorem yields the assertion. 
Next we give a fundamental property of the L1loc-weak upper semicontinuity:
Proposition 3.8. Assume that f∞ ∈ L1(BR(x∞)), that {fi}i is L1loc-weakly upper semi-
continuous at a.e. z∞ ∈ BR(x∞) and that there exists p > 1 such that supi<∞ ||fi||Lp(BR(xi)) <
∞. Then we have
lim sup
i→∞
∫
BR(xi)
fidυi ≤
∫
BR(x∞)
f∞dυ∞.
Proof. Let L := supi<∞ ||fi||Lp(BR(xi)), let ǫ > 0 and letK be a Borel subset of BR(x∞)
satisfying that υ∞(BR(x∞) \K) = 0 and that {fi}i is L1loc-weakly upper semicontinuous
at every z∞ ∈ K. By an argument similar to the proof of Proposition 3.7, there exist
a pairwise disjoint countable collection {Brk(w∞,k)}k and sequences {wi,k}i≤∞,k of wi,k ∈
BR(xi) such that wi,k
GH→ w∞,k as i → ∞, that B5rk(w∞,k) ⊂ BR(x∞), that w∞,k ∈ K,
that K \⋃Nk=1Brk(w∞,k) ⊂ ⋃∞k=N+1B5rk(w∞,k) for every N ∈ N, and that
lim sup
i→∞
(
1
υi(Brk(wi,k))
∫
Brk (wi,k)
fidυi
)
≤ 1
υ∞(Brk(w∞,k))
∫
Brk (w∞,k)
f∞dυ∞ + ǫ.
Let N0 ∈ N with
∑∞
k=N0+1
υ∞(B5rk(w∞,k)) < ǫ and∣∣∣∣∣
∫
BR(x∞)
f∞dυ∞ −
∫
⋃N0
k=1Brk (w∞,k)
f∞dυ∞
∣∣∣∣∣ < ǫ.
Then we have ∫
BR(x∞)
f∞dυ∞ ≥
N0∑
k=1
∫
Brk (w∞,k)
f∞dυ∞ − ǫ
≥
N0∑
k=1
∫
Brk (wi,k)
fidυi − ǫ (1 + υ∞(BR(w∞,k)))
for every sufficiently large i <∞. On the other hand the Ho¨lder inequality yields∣∣∣∣∣
∫
BR(xi)
fidυi −
N0∑
k=1
∫
Brk (wi,k)
fidυi
∣∣∣∣∣ ≤
∫
BR(xi)\
⋃N0
k=1Brk (w∞,k)
|fi|dυi
≤
(
υi
(
BR(xi) \
N0⋃
k=1
Brk(wi,k)
))(p−1)/p
||fi||Lp(BR(xi))
≤ ǫ(p−1)/pL
for every sufficiently large i <∞. Thus∫
BR(x∞)
f∞dυ∞ ≥
∫
BR(xi)
fidυi − ǫ (1 + υ∞(BR(w∞,k)))− ǫ(p−1)/pL.
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Letting i→∞ and ǫ→ 0 completes the proof. 
In order to introduce another upper semicontinuity of L1-norms (Corollary 3.11) we
also consider the following notion:
Definition 3.9. We say that fi w-converges f∞ on BR(x∞) if for any ǫ > 0 and subse-
quence {i(j)}j there exist a subsequence {j(k)}k of {i(j)}j, and a sequence {A(j(k), ǫ)}k≤∞
of compact subsets A(j(k), ǫ) of BR(xj(k)) such that the following three conditions hold:
(1) υj(k)
(
BR(xj(k)) \A(j(k), ǫ)
) ≤ ǫ for every k ≤ ∞.
(2) A(∞, ǫ) ⊂ lim infk→∞A(j(k), ǫ).
(3) We have
lim
r→0
(
lim sup
l→∞
∣∣∣∣∣ 1υk(l)(Br(zk(l)))
∫
Br(zk(l))
fk(l)dυk(l) − 1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣∣
)
= 0
for any subsequence {k(l)}l of {j(k)}k and convergent sequence {zk(l)}l≤∞ of zk(l) ∈
A(k(l), ǫ).
A fundamental property of this convergence is the following ‘linearity’:
Proposition 3.10. Let {gi}i≤∞ be a sequence of gi ∈ L1loc(BR(xi)). Then we have the
following:
(1) If fi w-converges to f∞ on BR(x∞), then for every subsequence {i(j)}j of N, there
exists a subsequence {j(k)}k of {i(j)}j such that fj(k) L1loc-converges to f∞ at a.e.
z∞ ∈ BR(x∞).
(2) If fi, gi w-converge to f∞, g∞ on BR(x∞), respectively, then we see that aifi+bigi w-
converges to a∞f∞+b∞g∞ on BR(x∞) for any convergent sequences {ai}i≤∞, {bi}i≤∞
in R.
Proof. We first check (1). Let {ǫl}l be a sequence of positive numbers with ǫl → 0,
and let {i(j)}j be a subsequence ofN. There exist a subsequence {i1(j)}j of {i(j)}j and a
sequence {A(i1(j), ǫ1)}j≤∞ as in Definition 3.9. Applying Definition 3.9 for {i1(j)}j and ǫ2
yields that there exist a subsequence {i2(j)}j of {i1(j)}j and a sequence {A(i2(j), ǫ2)}j≤∞
as in Definition 3.9. By iterating this argument we construct sequences of {ik(j)}j and
{A(ik(j), ǫk)}j≤∞ for every k ≥ 1.
Let us consider a subsequence {il(l)}l and a Borel subset
A :=
⋃
k
A(∞, ǫk).
Note that υ∞(BR(x∞) \ A) = 0. Since {il(l)}l is a subsequence of {ik(j)}j for every k,
(2) of Definition 3.9 yields
A(∞, ǫk) ⊂ lim inf
l→∞
A(il(l), ǫk)
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for every k ≥ 1. Thus for every z∞ ∈ A there exist k ≥ 1 and a sequence {zil(l)}l of
zil(l) ∈ A(il(l), ǫk) such that zil(l) GH→ z∞. Then (3) of Definition 3.9 yields that fil(l)
L1loc-weakly converges to f∞ at a.e. z∞ ∈ BR(x∞). This completes the proof of (1).
Next we prove (2).
Let ǫ > 0 and let {i(j)}j be a subsequence of N. Then there exist a subsequence
{j(k)}k of {i(j)}j, and sequences {Al(j(k), ǫ)}1≤l≤2,k≤∞ of compact subsets Al(j(k), ǫ)
of BR(xj(k)) such that υj(k)(BR(xj(k)) \ Al(j(k), ǫ)) ≤ ǫ/4 for any k ≤ ∞ and l, that
Al(∞, ǫ) ⊂ limk→∞Al(j(k), ǫ) for every l, and that
lim
r→0
(
lim sup
k→∞
∣∣∣∣∣ 1υj(k)(Br(zj(k)))
∫
Br(zj(k))
fj(k)dυj(k) − 1
υ∞(Br(z∞))
∫
Br(z∞)
f∞dυ∞
∣∣∣∣∣
)
= 0
for any l and convergent sequence {zj(k)}k≤∞ of zj(k) ∈ Al(j(k), ǫ).
Let Aˆ(j(k), ǫ) := A1(j(k), ǫ) ∩ A2(j(k), ǫ) for every k ≤ ∞. Without loss of generality
we can assume that the limit limk→∞ Aˆ(j(k), ǫ)(⊂ BR(x∞)) exists. Note that
υj(k)
(
BR(xj(k)) \ Aˆ(j(k), ǫ)
)
≤ ǫ/2
for every k ≤ ∞. Let
A(j(k), ǫ) :=
Aˆ(j(k), ǫ) (k <∞)liml→∞ Aˆ(j(l), ǫ) ∩ Aˆ(∞, ǫ) (k =∞).
Then [Hon13a, Proposition 2.3] yields
υ∞
(
BR(x∞) \ A(∞, ǫ)
)
≤ υ∞
(
BR(x∞) \ lim
k→∞
Aˆ(j(k), ǫ)
)
+ υ∞
(
BR(x∞) \ Aˆ(∞, ǫ)
)
≤ lim inf
k→∞
υj(k)
(
BR(xj(k)) \ Aˆ(j(k), ǫ)
)
+ ǫ/2 ≤ ǫ.
Since it is easy to check
lim
r→0
(
lim sup
l→∞
∣∣∣ 1
υk(l)(Br(zk(l)))
∫
Br(zk(l))
(ak(l)fk(l) + bk(l)gk(l))dυj(k)
− 1
υ∞(Br(z∞))
∫
Br(z∞)
(a∞f∞ + b∞g∞)dυ∞
∣∣∣)= 0
for any subsequence {k(l)}l of {j(k)}k, and convergent sequence {zk(l)}l≤∞ of zk(l) ∈
A(k(l), ǫ), this completes the proof. 
The following is a key result to prove Theorem 1.7.
Corollary 3.11. Let {gi}i≤∞ be a sequence of gi ∈ L1(BR(xi)). Assume that the
following four conditions hold:
(1) fi ∈ L1(BR(xi)) for every i ≤ ∞.
(2) fi, gi w-converge to f∞, g∞ on BR(x∞), respectively.
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(3) fi ≤ gi on BR(x∞) for every i <∞.
(4) We have
lim
i→∞
∫
BR(xi)
gidυi =
∫
BR(x∞)
g∞dυ∞.
Then we have
lim sup
i→∞
∫
BR(xi)
fidυi ≤
∫
BR(x∞)
f∞dυ∞.
Proof. Let {i(j)}j be a subsequence of N. Proposition 3.10 gives that there exists a
subsequence {j(k)}k of {i(j)}j such that gj(k) − fj(k) L1loc-weakly converges g∞ − f∞(≥
0) at a.e. z∞ ∈ BR(x∞). Thus since {i(j)}j is arbitrary, applying Proposition 3.7 to
{gj(k) − fj(k)}k≤∞ completes the proof. 
The following is an important example of the w-convergence.
Theorem 3.12. Let {qi}i≤∞ and {pi}i≤∞ be convergent sequences in (1,∞), let {fi}i<∞
be a sequence of fi ∈ H1,pi(BR(xi)) with supi<∞ ||fi||H1,pi <∞, and let f∞ be the {Lpi}i-
weak limit on BR(x∞) of {fi}i. Assume that there exists τ > 0 such that for every i <∞,
(Xi, υi) satisfies the (qi, pi)-Poincare´ inequality on BR(xi) for τ . Then we see that |fi|qi
w-converges |f∞|q∞ on BR(x∞).
Proof. We use the following notation for convenience:
• Let us denote by Ψ(ǫ1, ǫ2, . . . , ǫk; c1, c2, . . . , cl) some positive valued function on
Rk>0 ×Rl satisfying
lim
ǫ1,ǫ2,...,ǫk→0
Ψ(ǫ1, ǫ2, . . . , ǫk; c1, c2, . . . , cl) = 0 (3.3)
for fixed real numbers c1, c2, . . . , cl.
• For any a, b ∈ R and ǫ > 0,
a = b± ǫ⇐⇒ |a− b| < ǫ. (3.4)
Note that by Theorem 3.2 we see that (X∞, υ∞) satisfies the (q∞, p∞)-Poincare´ inequality
on BR(x∞) for τ .
Let ǫ > 0, let L := supi ||fi||H1,pi and let Aˆ(i, ǫ) be the set of wi ∈ BR−ǫ(xi) with
1
υi(Br(wi))
∫
Br(wi)
|∇fi|pidυi ≤ ǫ−pi
for every 0 < r < ǫ. It is easy to check that Aˆ(i, ǫ) is compact. Then (the proof of)
[Hon11, Lemma 3.1] yields
υi(BR(xi) \ Aˆ(i, ǫ)) ≤ Ψ(ǫ;n,K, d, L,R)
for every i ≤ ∞.
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Note that the (qi, pi)-Poincare´ inequality yields
1
υi(Br(z))
∫
Br(z)
|fi|dυi =
(
1
υi(Br(z))
∫
Br(z)
|fi|qidυi
)1/qi
± τrǫ−1
for any i ≤ ∞, z ∈ Aˆ(i, ǫ) and 0 < r < ǫ.
Let {i(j)}j be a subsequence of N. There exists a subsequence {j(k)}k of {i(j)}j such
that the limit limk→∞ Aˆ(j(k), ǫ) (⊂ BR−ǫ(x∞)) exists. Let
A(j(k), ǫ) :=
Aˆ(j(k), ǫ) (k <∞)liml→∞ Aˆ(j(l), ǫ) ∩ Aˆ(∞, ǫ) (k =∞).
Note that by [Hon11, Proposition 2.3] we have
υ∞
(
BR(x∞) \ A(∞, ǫ)
) ≤ Ψ(ǫ;n,K, d, L,R).
Let {k(l)}l be a subsequence of {j(k)}k and let {zk(l)}l≤∞ be a convergent sequence of
zk(l) ∈ A(k(l), ǫ).
Note that Theorem 3.4 yields that fi L
s-converges strongly to f∞ on BR(x∞) for every
s < q∞. Thus for every r < ǫ we have(
1
υ∞(Br(z∞))
∫
Br(z∞)
|f∞|q∞dυ∞
)1/q∞
=
1
υ∞(Br(z∞))
∫
Br(z∞)
|f∞|dυ∞ ± τrǫ−1
=
1
υk(l)(Br(zk(l)))
∫
Br(zk(l))
|fk(l)|dυk(l) ± τrǫ−1
=
(
1
υk(l)(Br(zk(l)))
∫
Br(zk(l))
|fk(l)|qk(l)dυk(l)
)1/qk(l)
± 2τrǫ−1
for every sufficiently large l. This completes the proof. 
4. Poisson’s equations
This section is devoted to the proofs of the results stated in subsection 1.1. We also
give related results. In order to prove Theorem 1.1 we start this section by giving the
following:
Theorem 4.1. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let
{fi}i<∞ be a sequence of fi ∈ D2(∆υi , Xi) with
sup
i<∞
∫
Xi
(|fi|2 + |∆υifi|2) dυi <∞.
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Then there exist f∞ ∈ D2(∆υ∞ , X∞) and a subsequence {fi(j)}j such that fi(j),∇fi(j) L2-
converge strongly to f∞,∇f∞ on X∞, respectively and that ∆υi(j)fi(j) L2-converges weakly
to ∆υ∞f∞ on X∞.
Proof. Note that since∫
Xi
|∇fi|2dυi =
∫
Xi
fi∆
υifidυi ≤
(∫
Xi
|fi|2dυi
)1/2(∫
Xi
|∆υifi|2dυi
)1/2
,
we have supi ||fi||H1,2 <∞.
Thus by Theorem 2.16 without loss of generality we can assume that there exists f∞ ∈
H1,2(X∞) such that fi L
2-converges strongly to f∞ on X∞ and that ∇fi L2-converges
weakly to ∇f∞ on X∞. Then [Hon13a, Theorem 4.1] yields that f∞ ∈ D2(∆υ∞ , X∞)
and that ∆υifi L
2-converges weakly to ∆υ∞f∞ on X∞. Thus it suffices to check that ∇fi
L2-converges strongly to ∇f∞ on X∞.
Let gi := ∆
υifi.
Claim 4.2. We have∫
Xi
|∇h|2dυi − 2
∫
Xi
gihdυi ≥
∫
Xi
|∇fi|2dυi − 2
∫
Xi
gifidυi
for any i ≤ ∞ and h ∈ H1,2(Xi).
It follows from the identity∫
Xi
|∇h|2dυi − 2
∫
Xi
gihdυi =
∫
Xi
|∇fi|2dυi − 2
∫
Xi
gifidυi +
∫
Xi
|∇(fi − h)|2dυi.
By Theorem 2.9 and [Hon11, Theorem 4.2] without loss of generality we can assume that
there exists a sequence {hi}i<∞ of hi ∈ H1,2(Xi) such that hi,∇hi L2-converge strongly
to f∞,∇f∞ on X∞, respectively. In particular we have
lim
i→∞
∫
Xi
gihidυi = lim
i→∞
∫
Xi
gifidυi =
∫
X∞
g∞f∞dυ∞. (4.1)
By Claim 4.2, since∫
Xi
|∇hi|2dυi − 2
∫
Xi
gihidυi ≥
∫
Xi
|∇fi|2dυi − 2
∫
Xi
gifidυi, (4.2)
letting i→∞ in (4.2) with (4.1) yields
lim sup
i→∞
∫
Xi
|∇fi|2dυi ≤
∫
X∞
|∇f∞|2dυ∞.
This completes the proof. 
We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1.
We first prove (1).
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Note that for every f ∈ D2(∆υ, X) we have∫
X
∆υfdυ =
∫
X
〈∇1,∇f〉dυ = 0.
Thus it suffices to check ‘if’ part of (1).
Let Hˆ1,2(X) be the closed subspace of f ∈ H1,2(X) with∫
X
fdυ = 0.
By the (2, 2)-Poincare´ inequality we have∫
X
|f |2dυ ≤ C(n,K, d)
∫
X
|∇f |2dυ
for every f ∈ Hˆ1,2(X). Thus we see that ||f ||Hˆ1,2 := ||∇f ||L2 is a norm on Hˆ1,2(X) and
that || · ||H1,2 and || · ||Hˆ1,2 are equivalent on Hˆ1,2(X). Therefore the Riesz representation
theorem yields that there exists a unique f ∈ Hˆ1,2(X) such that∫
X
〈∇f,∇h〉dυ =
∫
X
ghdυ
holds for every h ∈ Hˆ1,2(X). Let h ∈ H1,2(X) and let
hˆ := h−
∫
X
hdυ.
Then since hˆ ∈ Hˆ1,2(X) we have∫
X
〈∇f,∇h〉dυ =
∫
X
〈∇f,∇hˆ〉dυ =
∫
X
ghˆdυ =
∫
X
ghdυ.
This completes the proof of (1). Note that the argument above also gives (2).
We next prove (3).
Let fi := (∆
υi)−1gi. The (2, 2)-Poincare´ inequality yields∫
Xi
|fi|2dυi ≤ C(n,K, d)
∫
Xi
|∇fi|2dυi
= C(n,K, d)
∫
Xi
figidυi
≤ C(n,K, d)
(∫
Xi
|fi|2dυi
)1/2(∫
Xi
|gi|2dυi
)1/2
. (4.3)
This gives supi ||fi||H1,2 <∞.
Thus by Theorem 2.16 without loss of generality we can assume that there exists fˆ∞ ∈
H1,2(X∞) such that fi L
2-converges strongly to fˆ∞ on X∞ and that ∇fi L2-converges
weakly to ∇fˆ∞ on X∞. In particular we have∫
X∞
fˆ∞dυ∞ = lim
i→∞
∫
Xi
fidυi = 0.
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On the other hand, Theorem 4.1 yields fˆ∞ ∈ D2(∆υ∞ , X∞) and ∆υ∞ fˆ∞ = ∆υ∞f∞. Thus
(2) yields f∞ = fˆ∞. This completes the proof of (3). 
We are now in a position to prove Theorem 1.11.
Proof of Theorem 1.11
We only check the assertion in the case that (Xi, υi) ∈M(n,K, d) for every i <∞ only
because the proof of the other case is similar.
Let ǫ > 0 and let {f∞,l, g∞,l}1≤l≤k be a collection in TestF (X∞) with
||ω∞ −
k∑
l=1
f∞,ldg∞,l||W 1,2H (X∞) < ǫ.
Let {G∞,l,m}m be a sequence in LIP(X∞) with G∞,l,m → ∆υ∞g∞,l in H1,2(X∞) asm→∞
and ∫
X∞
G∞,l,mdυ∞ = 0.
Let g∞,l,m := (∆
υ∞)−1G∞,l,m. Theorem 1.1 with (1.3) yields that g∞,l,m ∈ TestF (X∞)
and that g∞,l,m → g∞,l in H1,2(X∞) as m→∞.
Note that by [Hon13a, Remark 4.3] (or [G14, (2.3.13)])
δυ∞(f∞,ldg∞,l,m) = 〈df∞,l, dg∞,l,m〉 − f∞,l∆υ∞g∞,l,m (4.4)
and that [G14, Theorem 3.5.2] yields
dυ∞(f∞,ldg∞,l,m) = df∞,l ∧ dg∞,l,m. (4.5)
Thus we see that f∞,ldg∞,l,m → f∞,ldg∞,l in W 1,2H (T ∗X∞) as m→∞.
Let m ∈ N with
||
k∑
l=1
f∞,ldg∞,l −
k∑
l=1
f∞,ldg∞,l,m||W 1,2H (X∞) < ǫ.
By [Hon11, Theorem 4.2] without loss of generality we can assume that there exist se-
quences {fi,l, Gi,l,m}i<∞,1≤l≤k of fi,l, Gi,l,m ∈ LIP(Xi) such that the following hold:
• supi,l (Lipfi,l + LipGi,l,m) <∞.
• For any i, l, ∫
Xi
Gi,l,mdυi = 0.
• fi,l,∇fi,l, Gi,l,m,∇Gi,l,m L2-converge strongly to f∞,l,∇f∞,l, G∞,l,m,∇G∞,l,m on
X∞, respectively for every l.
Moreover by the smoothing via the heat flow (c.f. [AGS14b, Grig09]) without loss of
generality we can assume that fi,l, Gi,l,m ∈ C∞(Xi).
Let gi,l,m := (∆
υi)−1Gi,l,m ∈ C∞(Xi) (note that the smoothness of gi,l,m follows from the
elliptic regularity theorem). Note that Theorem 1.1 with (1.3) implies that supi<∞,l Lipgi,l,m <
∞ and that gi,l,m,∇gi,l,m L2-converge strongly to g∞,l,m,∇g∞,l,m on X∞, respectively.
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For i ≤ ∞, let
ωi,m :=
k∑
l=1
fi,ldgi,l,m.
Then by (4.4) and (4.5), ωi,m, dωi,m, δωi,m L
2-converge strongly to ω∞,m, d
υ∞ω∞,m, δ
υ∞ω∞,m
on X∞, respectively. This completes the proof. 
Similarly we have the following:
Theorem 4.3. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) and let ω∞ ∈ H1,2d (
∧k T ∗X∞).
Then there exist a subsequence {i(j)}j and a sequence {ωi(j)}j of ωi(j) ∈ TestFormkXi(j)
such that ωi(j), d
υi(j)ωi(j) L
2-converge strongly to ω∞, d
υ∞ω∞ on X∞, respectively. More-
over if (Xi, υi) ∈ M(n,K, d) for every i < ∞, then we can choose {ωi(j)}j as C∞-
differential k-forms.
Corollary 4.4. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let
{ωi}i≤∞ be an L2-weak convergent sequence on X∞ of ωi ∈ L2(
∧k T ∗Xi). Assume that
ωi ∈ D2(δυi , Xi) for every i < ∞ and that supi<∞ ||δυiωi||L2 < ∞. Then we see that
ω∞ ∈ D2(δυ∞ , X∞) and that δυiωi L2-converges weakly to δυ∞ω∞ on X∞.
Proof. By the L2-weak compactness, for every subsequence {i(j)}j there exist a
subsequence {j(l)}l of {i(j)}j and the L2-weak limit η∞ ∈ L2(
∧k−1 T ∗X∞) on X∞ of
{δυj(l)ωj(l)}l.
Let α∞ ∈ TestFormk−1(X∞). By Theorem 4.3 without loss of generality we can assume
that there exists a sequence {αj(l)}l of αj(l) ∈ TestFormk−1(Xj(l)) such that αj(l), dυj(l)αj(l)
L2-converge strongly to α∞, d
υ∞α∞ on X∞, respectively.
Since ∫
Xj(l)
〈δυj(l)ωj(l), αj(l)〉dυj(l) =
∫
Xj(l)
〈ωj(l), dυj(l)αj(l)〉dυj(l)
for every l <∞, by letting l→∞ we have∫
X∞
〈η∞, α∞〉dυ∞ =
∫
X∞
〈ω∞, dυ∞α∞〉dυ∞.
In particular we see that ω∞ ∈ D2(δυ∞ , X∞) and that δυ∞ω∞ = η∞. Since {i(j)}j is
arbitrary, this completes the proof. 
In order to prove Theorem 1.2, we establish the following key result:
Theorem 4.5. Let (X, x, υ) ∈ M(n,K), let R > 0 and let φ ∈ D2(∆υ, BR(x)) ∩
LIPc(BR(x)) with ∆
υφ ∈ L∞(BR(x)). Then for every f ∈ D2(∆υ, BR(x)) we see that
φf ∈ D2(∆υ, X) and that ∆υ(φf) = φ∆υf − 2〈∇φ,∇f〉+ f∆υφ in L2(X).
Proof. Let f ∈ D2(∆υ, BR(x)). We first prove φf ∈ H1,2(X).
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Let r < R with supp φ ⊂ Br(x), and let φ ≡ 0 on X \ BR(x). By Theorem 2.9 there
exists a sequence {fj}j of fj ∈ LIPloc(BR(x)) with fj → f in H1,2(BR(x)). Note that
φfj ∈ LIPloc(X) and that since supp (φfj) ⊂ Br(x) we have
Lip(φfj)(y) ≤ |φ(y)|Lipfj(y) + |fj(y)|Lipφ(y)
≤ ||φ||L∞(Br(x))Lip(fj |Br(x)) + ||fj||L∞(Br(y))Lipφ
for every y ∈ X . Therefore we have φfj ∈ LIP(X).
Similarly we have∫
X
|∇(φfj)|2dυ ≤ 2||φ||2L∞(Br(x))
∫
BR(x)
|∇fj|2dυ + 2(Lipφ)2
∫
BR(x)
|fj |2dυ.
In particular we have supj ||φfj||H1,2(X) < ∞. Since φfj → φf in L2(X), we have φf ∈
H1,2(X).
Thus it suffices to check that for every h ∈ LIPc(X) we have∫
X
〈∇h,∇(φf)〉dυ =
∫
X
h (φ∆υf − 2〈∇φ,∇f〉+ f∆υφ) dυ. (4.6)
Since hφ ∈ LIPc(BR(x)), we have∫
X
hφ∆υfdυ =
∫
BR(x)
hφ∆υfdυ
=
∫
BR(x)
〈∇(hφ),∇f〉dυ
=
∫
BR(x)
φ〈∇h,∇f〉dυ +
∫
BR(x)
h〈∇φ,∇f〉dυ
=
∫
X
φ〈∇h,∇f〉dυ +
∫
X
h〈∇φ,∇f〉dυ. (4.7)
We need the following elementary claim:
Claim 4.6. Let F ∈ D2(∆υ, BR(x)) with compact support, i.e., there exists r > 0 with
r < R such that F ≡ 0 on BR(x) \Br(x). Then for every G ∈ H1,2(BR(x)) we have∫
BR(x)
〈dG, dF 〉dυ =
∫
BR(x)
G∆υFdυ.
The proof is as follows.
Let ψ ∈ LIPc(BR(x)) with ψ ≡ 1 on Br(x). Then since 〈dG, dF 〉 = 〈d(ψG), dF 〉 on
BR(x), we have∫
BR(x)
〈dG, dF 〉dυ =
∫
BR(x)
〈d(ψG), dF 〉dυ =
∫
BR(x)
ψG∆υFdυ.
On the other hand, since ∆υF ≡ 0 on BR(x) \Br(x) because F ≡ 0 on there, we have∫
BR(x)
ψG∆υFdυ =
∫
BR(x)
G∆υFdυ.
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This completes the proof of Claim 4.6.
By Claim 4.6 we have∫
X
fh∆υφdυ =
∫
BR(x)
fh∆υφdυ
=
∫
BR(x)
〈∇(fh),∇φ〉dυ
=
∫
BR(x)
h〈∇f,∇φ〉dυ +
∫
BR(x)
f〈∇h,∇φ〉dυ
=
∫
X
h〈∇f,∇φ〉dυ +
∫
X
f〈∇h,∇φ〉dυ. (4.8)
Therefore (4.7) and (4.8) give∫
X
h (φ∆υf − 2〈∇f,∇φ〉+ f∆υφ) dυ
=
∫
X
φ〈∇h,∇f〉dυ +
∫
X
f〈∇h,∇φ〉dυ =
∫
X
〈∇h,∇(φf)〉dυ.
This completes the proof. 
Theorem 4.7. Let R > 0, let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0,
let {xi}i≤∞ be a convergent sequence of xi ∈ Xi, let f∞ ∈ D2(∆υ∞ , BR(x∞)) and let
{gi}i≤∞ be an L2-weak convergent sequence on BR(x∞) of gi ∈ L2(BR(xi)) with g∞ =
∆υ∞f∞. Then for every 0 < r < R there exist a subsequence {i(j)}j, a sequence {ci(j)}j<∞
of ci(j) ∈ R with ci(j) → 0, and a sequence {fi(j)}j of fi(j) ∈ D2(∆υi(j) , Br(xi(j))) such that
∆υi(j)fi(j) = gi(j) + ci(j) on Br(xi(j)) and that fi(j),∇fi(j) L2-converge strongly to f∞,∇f∞
on Br(x∞), respectively.
Proof. For simplicity we only prove the assertion in the case that (Xi, υi) ∈M(n,K, d)
for every i <∞ (by using [Hon13a, Corollary 4.29] we can prove it in general case).
Let 0 < r < s < R. By [ChC96, Theorem 6.33], without loss of generality we can
assume that there exists a sequence {φi}i≤∞ of φi ∈ LIP(Xi) such that the following hold:
• 0 ≤ φi ≤ 1, supp φi ⊂ Bs(xi) and φi|Br(xi) ≡ 1 for every i ≤ ∞.
• φi ∈ C∞(Xi) for every i <∞ with supi<∞ (Lipφi + ||∆υiφi||L∞) <∞.
• φi converges uniformly to φ∞ on BR(x∞).
By Theorem 2.16 we see that ∇φi L2-converges weakly to ∇φ∞ on BR(x∞). In particular
[Hon13a, Proposition 3.29 and Theorem 4.1] give that φ∞ ∈ D2(∆υ∞ , BR(x∞)), that
∆υ∞φ∞ ∈ L∞(BR(x∞)) and that ∆υiφi Lp-converges weakly to ∆υ∞φ∞ on BR(x∞) for
every 1 < p <∞.
On the other hand by Theorem 2.9, we see that f∞|Bs(x∞) is the limit of a sequence
in LIP(Bs(x∞)) with respect to the H
1,2-norm. Thus by [Hon11, Theorem 4.2], without
loss of generality we can assume that there exists a sequence {f˜i}i<∞ of f˜i ∈ LIP(Bs(xi))
such that f˜i,∇f˜i L2-converge strongly to f∞,∇f∞ on Bs(x∞), respectively.
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Let
gˆ∞ := ∆
υ∞(φ∞f∞) = φ∞∆
υ∞f∞ − 2〈∇φ∞,∇f∞〉+ f∞∆υ∞φ∞ ∈ L2(X∞)
and let
gˆi := φigi − 2〈∇φi,∇f˜i〉+ f˜i∆υiφi + ci ∈ L2(Xi),
where ci is the constant satisfying ∫
Xi
gˆidυi = 0.
It is easy to check that gˆi − ci L2-converges weakly to gˆ∞ on X∞. Since∫
X∞
gˆ∞dυ∞ = 0,
we have ci → 0.
Let fi := (∆
υi)−1gˆi for every i < ∞. Theorem 1.1 yields that fi,∇fi L2-converge
strongly to φ∞f∞,∇(φ∞f∞) on X∞, respectively. Since
∆υifi|Br(xi) = gˆi|Br(xi)
=
(
φigi − 2〈∇f˜i,∇φi〉+ f˜i∆υiφi + ci
)
|Br(xi)
= gi|Br(xi) + ci,
this completes the proof. 
We are now in a position to prove Theorem 1.2.
Proof of Theorem 1.2.
Without loss of generality we can assume that gi ∈ L2(BR(xi)) for every i ≤ ∞ and
that {gi}i≤∞ is an L2-weak convergent sequence on BR(x∞).
We use the same notation as in the proof of Theorem 4.7 for convenience. For every
sufficiently large i ≤ ∞ let
ai := − υi(Br(xi))
υi(Xi \Br(xi))
and let hi := 1Br(xi) + ai1Xi\Br(xi). Note∫
Xi
hidυi = 0.
Let ki := (∆
υi)−1hi. Since hi L
2-converges strongly to h∞ on X∞, Theorem 1.1 yields
that ki,∇ki L2-converge strongly to k∞,∇k∞ on X∞, respectively. Since ∆υiki|Br(xi) ≡ 1,
we see that ∆υi(fi − ciki)|Br(xi) = gi|Br(xi) and that fi − ciki,∇(fi − ciki) L2-converge
strongly to f∞,∇f∞ on Br(x∞), respectively. This completes the proof. 
Note that Corollary 1.3 is a direct consequence of Theorem 1.2.
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Corollary 4.8. Let 1 < p < ∞, let R > 0, let (Xi, υi) GH→ (X∞, υ∞) in M(n,K, d)
with diamX∞ > 0, let {xi}i≤∞ be a convergent sequence of xi ∈ Xi, and let {Ti}i≤∞
be a sequence of Ti ∈ Lp(T rsBR(xi)) with supi ||Ti||Lp < ∞. Assume that for any subse-
quence {i(j)}j, convergent sequence {yi(j)}j≤∞ of yi(j) ∈ BR(xi(j)), r > 0 with Br(y∞) ⊂
BR(x∞), and uniform convergent sequence {hi(j)}j≤∞ on Br(y∞) of harmonic maps hi(j) :
Br(yi(j))→ Rr+s, we have
lim
j→∞
∫
Bt(yi(j))
〈
Ti(j),∇rshi(j)
〉
dυi(j) =
∫
Bt(y∞)
〈T∞,∇rsh∞〉 dυ∞
for every t < r. Then we see that Ti L
p-converges weakly to T∞ on BR(x∞).
Proof. It follows directly from Corollary 1.3, Theorem 2.11 and [Hon13a, Proposition
3.71]. 
From now on we turn to the proof of Theorem 1.4.
Proposition 4.9. Let L,R > 0, let (X, x, υ) ∈M(n,K) and let f ∈ C∞(BR(x)) with∫
BR(x)
(|f |2 + |∆f |2) dυ ≤ L.
Then for every r < R we have∫
Br(x)
(|∇f |2n/(n−1) + |∇|∇f |2|2n/(2n−1) + |Hessf |2) dυ ≤ C(n,K, r, R, L).
Moreover we have the following:
(1) If n ≥ 4, then we have∫
Br(x)
|f |2n/(n−3)dυ ≤ C(n,K, r, R, L).
(2) If n = 3 and 5r < R, then we have the following Trudinger inequality:∫
Br(x)
exp
(
C1(K,R)
(
1
υ(B5r(x))
∫
B5r(x)
|∇f |3dυ
)−1/3 ∣∣∣∣f − 1υ(Br(x))
∫
Br(x)
fdυ
∣∣∣∣
)
dυ
≤ C2(K,R)υ(Br(x)). (4.9)
(3) If n = 2, then for any z ∈ Br(x), t > 0 with B5t(z) ⊂ Br(x), and α, β ∈ Bt(z) we
have
|f(α)− f(β)| ≤ C(K,R)t1/2dX(α, β)1/2
(
1
υ(B5t(z))
∫
B5t(z)
|∇f |3dυ
)1/3
.
Proof. We give a proof in the case that n ≥ 4 only because the proof of the other
case is similar by using [HK00, Theorem 5.1] with the Bishop-Gromov inequality.
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By an argument similar to the proof of [Hon13a, Claim 4.24], applying Theorem 2.8 for
(q, p) = (n/(n− 1), 1) to |∇f |2 yields∫
Br(x)
(|∇f |2n/(n−1) + |Hessf |2) dυ ≤ C(n,K, r, R, L).
Thus applying Theorem 2.8 for (q, p) = (2n/(n− 3), 2n/(n− 1)) to f yields∫
Br(x)
|f |2n/(n−3)dυ ≤ C(n,K, r, R, L).
On the other hand the Ho¨lder inequality gives∫
Br(x)
|∇|∇f |2|2n/(2n−1)dυ
≤
∫
Br(x)
|Hessf |2n/(2n−1)|∇f |2n/(2n−1)dυ(∫
Br(x)
|Hessf |2dυ
)n/(2n−1)(∫
Br(x)
|∇f |2n/(n−1)dυ
)(n−1)/(2n−1)
≤ C(n,K, r, R, L).

Remark 4.10. Under the same notation as in Proposition 4.9 we assume n = 3.
By [ChC96, Theorem 6.33] there exists φ ∈ C∞(X) such that supp φ ⊂ BR(x), that
φ|Br(x) ≡ 1, that 0 ≤ φ ≤ 1 and that |∇φ| + |∆φ| ≤ C(K, r, R). By applying (2) of
Proposition 4.9 to φf ∈ C∞(X) it is not difficult to check that for every 1 ≤ p < ∞ we
have ||f ||Lp(Br(x)) ≤ C(K, r, R, L, p).
We now prove a more general result than Theorem 1.4 which means that the weakly
second-order differential structure on a Ricci limit space can be defined intrinsically :
Theorem 4.11. Let R > 0, let (X, υ) ∈ M(n,K, d) with diamX > 0, let x ∈ X and
let f ∈ D2(∆υ, BR(x)). Then for every r < R, the following hold:
(1) f ∈ H1,2n/(n−1)(Br(x)). Moreover we have the following:
(a) If n ≥ 4, then f ∈ L2n/(n−3)(Br(x)).
(b) If n = 3 and 5r < R, then (4.9) holds.
(c) If n = 2, then f is 1/2-Ho¨lder continuous on Br(z).
(2) f ∈ Γ2(BR(x)).
(3) |∇f |2 ∈ H1,2n/(2n−1)(Br(x)).
(4) HessgXf ∈ L2(T 02Br(x)).
(5) For every g ∈ D2(∆υ, BR(x)) we have ∇gX∇g∇f ∈ L2n/(2n−1)(T 02Br(x)).
As a corollary of them if a rectifiable system A = {(Ci, φi)}i of (X, υ) satisfies that;
• for any i, j, there exist z ∈ X, s > 0 and φˆi,j ∈ D2(∆υ, Bs(z)) such that Ci ⊂ Bs(z)
and φˆi,j|Ci ≡ φi,j, where φi := (φi,1, . . . , φi,k) and k = dimX,
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then A is a weakly second-order differential system of (X, υ). In particular we have
Theorem 1.4.
Proof. We give a proof in the case that n ≥ 4 only.
Let r < s < R, let {(Xi, υi)}i be a sequence of (Xi, υi) ∈ M(n,K, d) with (Xi, υi) GH→
(X, υ), and let {xi}i be a sequence of xi ∈ Xi with xi GH→ x.
Since C∞(Bs(xi)) ∩ L2(Bs(xi)) is dense in L2(Bs(xi)), by Theorem 4.7 and the elliptic
regularity theorem, without loss of generality we can assume that there exists a sequence
{fi}i of fi ∈ C∞(Bs(xi)) such that fi,∇fi,∆fi L2-converge strongly to f,∇f,∆υf on
Bs(x), respectively. Thus (the proof of) [Hon13a, Theorem 1.3] and Proposition 4.9 yield
(1), (2), (3) and (4). Similarly by
|∇gX∇g∇f | = |HessgXf (∇g, ·)| ≤ |HessgXf ||∇g|, (4.10)
we have (5). The final statement follows directly from (2) and an argument similar to the
proof of [Hon14, Proposition 3.25]. 
Remark 4.12. Let f, g be as in Theorem 4.11. Then by (4.10) if ∇g ∈ L∞(T 01Br(x)),
then ∇gX∇g∇f ∈ L2(T 01Br(x)).
Similarly by applying [Hon13a, Theorem 1.3] with Theorem 3.4 and Remark 4.10, we
have the following:
Theorem 4.13. Let R > 0, let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0,
let {xi}i≤∞ be a convergent sequence of xi ∈ Xi, let {fi,j}i<∞,j∈{1,2} be sequences of fi,j ∈
D2(∆υi , BR(xi)) with
sup
i<∞,j∈{1,2}
∫
BR(xi)
(|fi,j|2 + |∆υifi,j|2) dυi <∞,
and let f∞,j be the L
2-weak limit on BR(x∞) of {fi,j}i. Then for any r < R and j ∈ {1, 2},
we have f∞,j ∈ D2(∆υ∞ , Br(x∞)). Moreover the following hold:
(1) We have the following:
(a) If n ≥ 4, then fi,j L2n/(n−3)-converges weakly to f∞,j on Br(x∞). Moreover
fi,j L
p-converges strongly to f∞,j on Br(x∞) for every 1 < p < 2n/(n− 3).
(b) If n = 3, then fi,j L
p-converges strongly to f∞,j on Br(x∞) for every 1 < p <
∞.
(c) If n = 2, then fi,j converges uniformly to f∞,j on Br(x∞).
(2) ∇fi,j L2n/(n−1)-converges weakly to ∇f∞,j on Br(x∞).
(3) ∇fi,j Lp-converges strongly to ∇f∞,j on Br(x∞) for every 1 < p < 2n/(n− 1).
(4) ∇|∇fi,j|2 L2n/(2n−1)-converges weakly to ∇|∇f∞,j|2 on Br(x∞).
(5) Hess
gXi
fi,j
L2-converges weakly to Hess
gX∞
f∞,j
on Br(x∞).
(6) ∇gXi∇fi,1∇fi,2 L2n/(2n−1)-converges weakly to ∇
gX∞
∇f∞,1
∇f∞,2 on Br(x∞).
RICCI CURVATURE 49
We are now in a position to prove Theorem 1.9.
Proof of Theorem 1.9.
We first prove (1).
Let x ∈ U and let r > 0 with Br(x) ⊂ U . Then Theorem 4.11 gives that f |Br(x) ∈
Γ2(Br(x)). Since r is arbitrary, we have f ∈ Γ2(U). Moreover if dimX = n, then [Hon13a,
Theorem 1.5] and the proof of Theorem 4.11 imply (1.12). Thus we have (1).
Next we prove (2).
By Remark 2.20 we will check that
2
∫
X
g0Hess
gX
f (∇g1,∇g2)dυ
=
∫
X
(−〈∇f,∇g1〉divυ(g0∇g2)− 〈∇f,∇g2〉divυ(g0∇g1)− g0 〈∇f,∇〈∇g1,∇g2〉〉) dυ
(4.11)
for any g1, g2 ∈ TestF (X) and g0 ∈ LIP(X).
We first prove the following.
Claim 4.14. (4.11) holds if ∆υf,∆υgi ∈ LIP(X) for every i ∈ {1, 2}.
The proof is as follows. By Theorem 4.13 and an argument similar to the proof of
Theorem 1.11 there exist a sequence {(Xi, υi)}i of (Xi, υi) ∈ M(n,K, d) and sequences
{gi,j, fi}i<∞,j∈{0,1,2} of gi,j, fi ∈ C∞(Xi) such that the following hold:
• (Xi, υi) GH→ (X, υ).
• supi<∞,j∈{1,2} (Lipgi,j + Lip∆gi,j + Lipfi + Lip∆fi + Lipgi,0) <∞.
• gi,j,∇gi,j, fi,∇fi L2-converge strongly to gj,∇gj, f,∇f on X , respectively for ev-
ery j ∈ {0, 1, 2}.
• ∇〈∇gi,1,∇gi,2〉 L2n/(2n−1)-converges weakly to ∇〈∇g1,∇g2〉 on X .
• HessgXifi L2-converges weakly to HessgXf on X .
Then since
2
∫
Xi
gi,0Hess
gXi
fi
(∇gi,1,∇gi,2)dυi
=
∫
Xi
(−〈∇fi,∇gi,1〉divυi(gi,0∇gi,2)− 〈∇fi,∇gi,2〉divυi(gi,0∇gi,1)− gi,0 〈∇fi,∇〈∇gi,1,∇gi,2〉〉) dυi
for every i <∞ by letting i→∞ we have Claim 4.14.
Claim 4.15. (4.11) holds if ∆υf ∈ LIP(X).
The proof is as follows. For every j ∈ {1, 2}, let {Gi,j}i<∞ be a sequence of Gi,j ∈
LIP(X) with Gi,j → ∆υgj in H1,2(X) and∫
X
Gi,jdυ = 0.
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Put gi,j := (∆
υ)−1Gi,j. Theorem 1.1 yields that gi,j ∈ TestF (X) and that gi,j,∇gi,j
L2-converge strongly to gj,∇gj on X , respectively. By Claim 4.14, since
2
∫
X
g0Hess
gX
f (∇gi1,1,∇gi2,2)dυ
=
∫
X
(−〈∇f,∇gi1,1〉divυ(g0∇gi2,2)− 〈∇f,∇gi2,2〉divυ(g0∇gi1,1)− g0 〈∇f,∇〈∇gi1,1,∇gi2,2〉〉) dυ
for any i1, i2 ∈ N, by letting i1 →∞ and i2 →∞, we have Claim 4.15.
We turn to finishing the proof of (2). For every f ∈ D2(∆υ, X) there exists a sequence
{Fi}i in LIP(X) such that Fi → ∆υf in L2(X) and that∫
X
Fidυ = 0
for every i.
Let fi := (∆
υ)−1Fi. Note that Theorem 4.13 yields that Hess
gX
fi
→ HessgXf in L2(T 02X)
and that ∇fi →∇f in L2(TX).
Claim 4.15 gives that (4.11) holds for f = fi and every i <∞. Since gj ∈ LIP(X) and
∇〈∇g1,∇g2〉 ∈ L2(TX) by letting i→∞ in (4.11) for f = fi we have (2).
Finally we prove (3).
Since Gigli proved in [G14, Proposition 3.3.18] that H2,2(X) is the closure of D2(∆υ, X)
in W 2,2(X), it suffices to check that D2(∆υ, X) is closed in W 2,2(X).
Let {fi}i<∞ be a Cauchy sequence in D2(∆υ, X) with respect to the W 2,2-norm. By (1)
and (2) we have ∆υfi = ∆
gXfi. In particular we have supi ||∆υfi||L2 <∞. Thus Theorem
4.13 gives that there exists f∞ ∈ D2(∆υ, X) such that fi → f∞ in H1,2(X) and that
HessgXfi L
2-converges weakly to HessgXf∞ on X . Since {HessgXfi }i<∞ is a Cauchy sequence in
L2(T 20X) we see that Hess
gX
fi
L2-converges strongly to HessgXf∞ on X . This completes the
proof. 
Remark 4.16. Note that we can also give an alternative proof of (2) of Theorem 1.9
by using an approximation given in Proposition 7.5. See for instance Theorems 7.8 and
7.9.
We end this section by giving the following three remarks.
Remark 4.17. By (the proof of) Theorem 1.9 and the Bochner formula, we can easily
check that D2(∆υ, X) is a Hilbert space equipped with the norm
||f ||D2 :=
(||f ||2L2 + ||δυf ||2L2)1/2
and that
||f ||W 2,2C ≤ C(n,K, d)||f ||D2 (4.12)
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for every f ∈ D2(∆υ, X). The inequality (4.12) was already proven in [G14] on a RCD-
space. This argument gives an altenative proof on our setting via the smooth approxima-
tion.
Remark 4.18. By Theorem 1.9 we have
[∇f∞,∇g∞]υ∞ = ∇υ∞∇f∞∇g∞ −∇υ∞∇g∞∇f∞ = ∇
gX∞
∇f∞
∇g∞ −∇gX∞∇g∞∇f∞ = [∇f∞,∇g∞]
for any f∞, g∞ ∈ TestF (X∞). In particular we have
[α∞, β∞]
υ∞ = [α∞, β∞]
for any α∞, β∞ ∈ TextT 10X∞.
Remark 4.19. We give a typical example of non-C2-functions satisfying (1.12).
Define f ∈ Γ2((−1, 1)) by
f(t) :=
−t2/2 (t ≥ 0)0 otherwise.
Then for every g ∈ LIPc((−1, 1)), integration by parts gives∫ 1
−1
〈∇f,∇g〉dt =
∫ 1
0
−tdg
dt
dt =
∫ 1
0
gdt =
∫ 1
−1
1[0,1]gdt.
This implies f ∈ D2(∆H1 , (−1, 1)) and
∆H
1
f = 1[0,1] = −tr(HessgRf ) = ∆gRf.
5. Schro¨dinger operators and generalized Yamabe constants
This section is devoted to the proofs of the results stated in subsections 1.2 and 1.3.
5.1. Schro¨dinger operators. In order to prove Theorem 1.5 we first discuss the dis-
creteness of the spectrum of a Schro¨dinger operator. The following is standard, however
we give a proof for convenience.
Proposition 5.1. Let q > 2, let (X, υ) ∈ M(n,K, d) with diamX > 0 and let g ∈
Lq(X). Assume that (X, υ) satisfies the (2q/(q − 2), 2)-Sobolev inequality on X for some
(A,B). Then the spectrum of ∆υ + g is discrete and it is bounded below.
Proof. Let L be the bilinear form on H1,2(X) defined by
L(u, v) :=
∫
X
(〈∇u,∇v〉+ guv)dυ.
By the Sobolev inequality it is not difficult to check that for every ǫ > 0 there exists
C > 0 such that ∫
X
|g|u2dυ ≤ ǫ
∫
X
|∇u|2dυ + C
∫
X
|u|2dυ
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for every u ∈ H1,2(X) (c.f. [ACM13, Remark 4.2]). Thus we have
L(u, u) =
∫
X
(|∇u|2 + gu2) dυ
≥ (1− ǫ)
∫
X
|∇u|2dυ − C
∫
X
|u|2dυ (5.1)
for every u ∈ H1,2(X). Then by an argument similar to that in subsection 8.2 of [GT01]
with (5.1), we have the assertion. 
Next we discuss the upper semicontinuity of eigenvalues of Schro¨dinger operators.
Theorem 5.2. Let {qi}i≤∞ be a convergent sequence in (2,∞), let (Xi, υi) GH→ (X∞, υ∞)
in M(n,K, d) with diamX∞ > 0, and let {gi}i≤∞ be an {Lqi/2}i-weak convergent sequence
on X∞ of gi ∈ Lqi/2(Xi). Assume that there exist A,B > 0 such that for every i ≤ ∞,
(Xi, υi) satisfies the (2qi/(qi − 2), 2)-Sobolev inequality on Xi for (A,B). Then for every
k ≥ 0 we have
lim sup
i→∞
λgik (Xi) ≤ λg∞k (X∞).
Proof. By min-max principle we have
λgik (Xi) = inf
Ek
(
sup
u∈Ek\{0}
Rgi(u)
)
,
where Ek runs over all (k + 1)-dimensional subspaces of H
1,2(Xi) and
Rgi(u) :=
∫
Xi
(|du|2 + gi|u|2) dυi∫
Xi
|u|2dυi .
Let ǫ > 0 and let E∞,k be a (k + 1)-dimensional space of H
1,2(X∞) with
λg∞k (X∞) = sup
u∈E
∞,k
Rg∞(u)± ǫ.
Fix an L2-orthogonal basis f∞,1, . . . , f∞,k+1 of E∞,k. By [Hon11, Theorem 4.2] without loss
of generality we can assume that there exist sequences {fi,l}i<∞,l≤k+1 of fi,l ∈ LIP(Xi) such
that fi,l,∇fi,l L2-converge strongly to f∞,l,∇f∞,l on X∞, respectively. Thus Theorem 3.5
gives that fi,l {L2qi/(qi−2)}i-converges strongly to f∞,l on X∞. In particular since fi,lfi,m
{Lqi/(qi−2)}i-converges strongly to f∞,lf∞,m on X∞ we have
lim
i→∞
∫
Xi
gifi,lfi,mdυi =
∫
X∞
g∞f∞,lf∞,mdυ∞. (5.2)
Let Ei,k := span{fi,l}l. Note that dimEi,k = k + 1 for every sufficiently large i. By (5.2)
since it is easy to check that
lim
i→∞
sup
u∈Ei,k\{0}
Rgi(u) = sup
u∈E
∞,k\{0}
Rg∞(u),
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we have
lim sup
i→∞
λgik (Xi) ≤ λg∞k (X∞) + ǫ.
Thus by letting ǫ→ 0 we have the assertion. 
We are now in a position to prove Theorem 1.5:
Proof of Theorem 1.5.
Since (1) follows directly from Theorem 3.1, we will check (2) by induction for k, i.e.,
it suffices to check that the following (⋆k) holds for every k ≥ 0.
(⋆k) For every 0 ≤ l ≤ k, we see that
lim
i→∞
λgil (Xi) = λ
g∞
l (X∞)
and that for every sequence {fi,l}i<∞ of λgil (Xi)-eigenfunctions fi,l ∈ H1,2(Xi)
with ||fi,l||L2 = 1 there exist a subsequence {i(j)}j and a λg∞l (X∞)-eigenfunction
f∞,l ∈ H1,2(X∞) such that fi(j),l L2p/(p−2)-converges strongly to f∞,l on X∞ and
that ∇fi(j),l L2-converges strongly to f∞,l on X∞.
Let {fi,0}i<∞ be a sequence of λgi0 (Xi)-eigenfunctions fi,0 with ||fi,0||L2 = 1. Since∫
Xi
|∇fi,0|2dυi = λgi0 (Xi)−
∫
Xi
gi|fi,0|2dυi
≤ λgi0 (Xi) +
(∫
Xi
|gi|p/2dυi
)2/p(∫
Xi
|fi,0|2p/(p−2)dυi
)(p−2)/p
≤ λgi0 (Xi) +
(∫
Xi
|gi|p/2dυi
)2/p(
A
∫
Xi
|∇fi,0|2dυi +B
)
, (5.3)
we have supi ||∇fi,0||L2 <∞.
Thus by Theorems 2.16 and 3.4 without loss of generality we can assume that there
exists f∞,0 ∈ H1,2(X∞) such that fi,0 Lr-converges strongly to f∞,0 on X∞ for every
r < 2p/(p − 2) and that ∇fi,0 L2-converges weakly to ∇f∞,0 on X∞. In particular we
have
lim
i→∞
∫
Xi
gi|fi,0|2dυi =
∫
X∞
g∞|f∞,0|2dυ∞.
Therefore we have
lim inf
i→∞
λgi0 (Xi) = lim inf
i→∞
∫
Xi
(|∇fi,0|2 + gi|fi,0|2) dυi
≥
∫
X∞
(|∇f∞,0|2 + g∞|f∞,0|2) dυ∞ ≥ λg∞0 (X∞).
Thus by Theorem 5.2 we have
lim
i→∞
λgi0 (Xi) = λ
g∞
0 (X∞).
On the other hand for every h∞ ∈ LIP(X∞) by [Hon11, Theorem 4.2] without loss
of generality we can assume that there exists a sequence {hi}i of hi ∈ LIP(Xi) with
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supi Liphi < ∞ such that hi,∇hi Ls-converge strongly to h∞,∇h∞ on X∞ for every
1 < s <∞, respectively. Since∫
Xi
(〈∇fi,0,∇hi〉+ gifi,0hi) dυi = λgi0 (Xi)
∫
Xi
fi,0hidυi
for every i < ∞, by letting i → ∞, we see that f∞,0 is a λg∞0 (X∞)-eigenfunction of
∆υ∞ + g∞. Then
lim
i→∞
∫
Xi
|∇fi,0|2dυi = lim
i→∞
(
λgi0 (Xi)−
∫
Xi
gi|fi,0|2dυi
)
= λg∞0 (X∞)−
∫
X∞
g∞|f∞,0|2dυ∞ =
∫
X∞
|∇f∞,0|2dυ∞.
Thus ∇fi,0 L2-converges strongly to ∇f∞,0 on X∞. Therefore Theorem 3.5 yields that
fi,0 L
2p/(p−2)-converges strongly to f∞,0 on X∞. Thus we see that (⋆0) holds.
Next we assume (⋆k) holds for some k ≥ 0.
Let {fi,l}i<∞,l≤k+1 be sequences of λgil (Xi)-eigenfunctions fi,l with∫
Xi
fi,lfi,mdυi = δlm
for any l, m ≤ k + 1. By assumption without loss of generality we can assume that
for every l ≤ k there exists a λg∞l (X∞)-eigenfunction f∞,l ∈ H1,2(X∞) such that fi,l
L2p/(p−2)-converges strongly to f∞,l on X∞ and that ∇fi,l L2-converges strongly to ∇f∞,l
on X∞.
On the other hand by an argument similar to that of (5.3) without loss of generality we
can assume that there exists f∞,k+1 ∈ H1,2(X∞) such that fi,k+1 Lr-converges strongly to
f∞,k+1 on X∞ for every r < 2p/(p− 2) and that ∇fi,k+1 L2-converges weakly to ∇f∞,k+1
on X∞. In particular we have
lim
i→∞
∫
Xi
gifi,lfi,mdυi =
∫
X∞
g∞f∞,lf∞,mdυ∞ (5.4)
for any l, m ≤ k + 1.
Let Ei,k+1 := span{fi,l}l≤k+1. Note that dimEi,k+1 = k + 2 for every sufficiently large
i ≤ ∞. Since
lim
i→∞
∫
Xi
〈∇fi,l,∇fi,m〉dυi =
∫
X∞
〈∇f∞,l,∇f∞,m〉dυ∞
if (l, m) 6= (k + 1, k + 1), and
lim inf
i→∞
∫
Xi
|∇fi,k+1|2dυi ≥
∫
X∞
|∇f∞,k+1|2dυ∞,
it is easy to check that
lim inf
i→∞
λgik+1(Xi) = lim infi→∞
max
u∈Ei,k+1
Rgi(u) ≥ max
u∈E
∞,k+1
Rg∞(u) ≥ λg∞k+1(X∞).
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Thus by Theorem 5.2 we have
lim
i→∞
λgik+1(Xi) = λ
g∞
k+1(X∞).
By an argument similar to that in the case of (⋆0) we see that f∞,k+1 is a λ
g∞
k+1(X∞)-
eigenfunction on X∞, that fi,k+1 L
2p/(p−2)-converges strongly to f∞,k+1 on X∞ and that
∇fi,k+1 L2-converges strongly to ∇f∞,k+1 on X∞. Thus we see that (⋆k + 1) holds. This
completes the proof. 
Proof of Corollary 1.6.
It follows directly from Theorems 1.5, 2.8, 3.4 and Remark 2.7. 
Corollary 5.3. Let n ≥ 3, let 0 < d1 ≤ d2 < ∞, let L > 0, let q > n/2 and
let M be an n-dimensional compact Riemannian manifold with d1 ≤ diamM ≤ d2 and
RicM ≥ K(n− 1). Then for any l and g ∈ Lq(M) with ||g||Lq ≤ L, we have
|λgl (M)| ≤ C(d1, d2, n,K, L, l, q).
Proof. The proof is done by a contradiction. Assume that the assertion is false. Then
by Gromov’s compactness theorem there exist q > n/2, l ≥ 0, a sequence {(Xi, υi)}i<∞ of
(Xi, υi) ∈ M(n,K, d2) with d1 ≤ diamXi ≤ d2, the Gromov-Hausdorff limit (X∞, υ∞) ∈
M(n,K, d2) of them, and an L
q-weak convergent sequence {gi}i≤∞ on X∞ of gi ∈ Lq(Xi)
such that
|λgil (Xi)| → ∞
as i→∞. Since 0 < diamX∞ <∞, this contradicts Corollary 1.6. 
Remark 5.4. By an argument similar to the proof of Theorem 1.5 (or [Hon13a, The-
orem 1.6]), we can prove continuities of (q, p)-Poincare´ constants :
λq,p(X) := inf
f
(∫
X
|∇f |pdυ)1/p(∫
X
|f − ∫
X
f |qdυ)1/q
and
λˆq,p(X) := inf
f
(∫
X
|∇f |pdυ)1/p(
infc∈R
∫
X
|f − c|qdυ)1/q
with respect to the Gromov-Hausdorff topology on M(n,K, d) and variables p ∈ (1, n),
q ∈ [1, pn/(n − p)), where f run over all nonconstant f ∈ LIP(X). Note that Theorem
1.7 is related to an extremal case that p = 2 and q = 2n/(n− 2). See also [Hon13b] for a
related work.
5.2. Generalized Yamabe constants. We first discuss the upper semicontinuity of
generalized Yamabe constants:
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Theorem 5.5. Let {pi}i≤∞ be a convergent sequence in (2,∞), let 2 < p < ∞, let
(Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let {gi}i≤∞ be an Lp/2-weak
convergent sequence on X∞ of gi ∈ Lp/2(Xi). Then we have
lim sup
i→∞
Y gipi (Xi) ≤ Y g∞p∞ (X∞).
Proof. Let f∞ ∈ LIP(X∞) with ||f∞||L2p∞/(p∞−2) = 1. By [Hon11, Theorem 4.2]
without loss of generality we can assume that there exists a sequence {fi}i of fi ∈ LIP(Xi)
such that supi Lipfi < ∞ and that fi,∇fi {Lqi}i-converge strongly to f∞,∇f∞ on X∞,
respectively for every convergent sequence {qi}i≤∞ in (1,∞).
Then we have
Y gipi (Xi) ≤
(∫
Xi
|fi|2pi/(pi−2)dυi
)−(pi−2)/pi (∫
Xi
(|∇fi|2 + gi|fi|2) dυi) . (5.5)
Thus by letting i→∞ we have
lim sup
i→∞
Y gipi (Xi) ≤
∫
X∞
(|∇f∞|2 + g∞|f∞|2) dυ∞.
Since f∞ is arbitrary this completes the proof. 
We are now in a position to give the main result in this subsection. Note that Theorem
1.7 is a corollary of Theorems 2.8, 3.1, 3.2 and the following. See also [BL83, LP87].
Theorem 5.6. Let {pi}i≤∞ be a convergent sequence in (2,∞) and let (Xi, υi) GH→
(X∞, υ∞) in M(n,K, d) with diamX∞ > 0. Assume that the following two conditions
hold:
(1) There exists τ > 0 such that for every i ≤ ∞, (Xi, υi) satisfies the (2pi/(pi−2), 2)-
Poincare´ inequality on Xi for τ .
(2) There exist A,B > 0 such that for every i ≤ ∞, (Xi, υi) satisfies the (2pi/(pi −
2), 2)-Sobolev inequality on Xi for (A,B).
Then for any q > p∞/2 and L
q-weak convergent sequence {gi}i≤∞ on X∞ of gi ∈ Lq(Xi)
with
lim sup
i→∞
Y gipi (Xi) < A
−1, (5.6)
we have
lim
i→∞
Y gipi (Xi) = Y
g∞
p∞ (X∞). (5.7)
In particular
Y g∞p∞ (X∞) < A
−1.
Moreover if u∞ is the L
2-weak limit on X∞ of a sequence {ui}i<∞ of minimizers ui ∈
H1,2(Xi) of Y
gi
pi
(Xi) with ||ui||L2pi/(pi−2) = 1, then we see that ui {L2pi/(pi−2)}i-converges
strongly to u∞ on X∞, that ∇ui L2-converges strongly to ∇u∞ on X∞ and that u∞ is
also a minimizer of Y g∞p∞ (X∞).
RICCI CURVATURE 57
Proof. By (2.6), without loss of generality we can assume that {Y gipi (Xi)}i<∞ is a
convergent sequence in R. Theorem 2.17 gives that for every sufficiently large i < ∞
there exists a minimizer ui ∈ H1,2(Xi) of Y gipi (Xi) with ||ui||L2pi/(pi−2) = 1.
Then since
∫
Xi
|∇ui|2dυi = Y gipi (Xi)−
∫
Xi
gi|ui|2dυi
≤ Y gipi (Xi) +
(∫
Xi
|gi|pi/2dυi
)2/pi (∫
Xi
|ui|2pi/(pi−2)dυi
)(pi−2)/pi
≤ Y gipi (Xi) +
(∫
Xi
|gi|qdυi
)1/q (
A
∫
Xi
|∇ui|2dυi +B
)
for every sufficiently large i <∞, we have supi<∞ ||∇ui||L2 <∞. Thus by Theorems 2.16
and 3.4 without loss of generality we can assume that there exists u∞ ∈ H1,2(X∞) such
that ui {L2pi/(pi−2)}i-converges weakly to u∞ on X∞, that ui Lr-converges strongly to u∞
on X∞ for every r < 2p∞/(p∞ − 2) and that ∇ui L2-converges weakly to ∇u∞ on X∞.
In particular we have ||u∞||L2p∞/(p∞−2) ≤ lim inf i→∞ ||ui||L2pi/(pi−2) = 1 and
lim
i→∞
∫
Xi
gi|ui|2dυi =
∫
X∞
g∞|u∞|2dυ∞.
By [Hon11, Theorem 4.2] without loss of generality we can assume that there exist se-
quences {ui,j}i≤∞,j<∞ of ui,j ∈ LIP(Xi) such that supi Lipui,j < ∞ for every j, that
ui,j,∇ui,j {Lqi}i-converge strongly to u∞,j,∇u∞,j on X∞ for every convergent sequence
{qi}i≤∞ in (1,∞), respectively and that u∞,j → u∞ in H1,2(X∞). Note that by Theorem
3.5 we see that u∞,j → u∞ in L2p∞/(p∞−2)(X∞).
Then for every j we have
lim
i→∞
Y gipi (Xi) = limi→∞
∫
Xi
(|∇ui|2 + gi|ui|2) dυi
= lim
i→∞
∫
Xi
(|∇ui,j|2 + 2〈∇(ui − ui,j),∇ui,j〉+ |∇(ui − ui,j)|2 + gi|ui|2) dυi
≥
∫
X∞
(|∇u∞,j|2 + g∞|u∞|2) dυ∞ + 2 ∫
X∞
〈∇(u∞ − u∞,j),∇u∞,j〉dυ∞
+ lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi.
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Thus by letting j →∞, Theorem 5.5 yields
lim
i→∞
Y gipi (Xi)
≥ Y g∞p∞ (X∞)
(∫
X∞
|u∞|2p∞/(p∞−2)dυ∞
)(p∞−2)/p∞
+ lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
≥ lim
i→∞
Y gipi (Xi)
(∫
X∞
|u∞|2p∞/(p∞−2)dυ∞
)(p∞−2)/p∞
+ lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
,
(5.8)
i.e.,
lim
i→∞
Y gipi (Xi)
(
1−
(∫
X∞
|u∞|2p∞/(p∞−2)dυ∞
)(p∞−2)/p∞)
≥ lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
.
(5.9)
Thus if limi→∞ Y
gi
pi
(Xi) ≤ 0, then ∇ui L2-converges strongly to ∇u∞ on X∞. Therefore
Theorem 3.5 yields that ui {L2pi/(pi−2)}i-converges strongly to u∞ on X∞. In particular,
we have ||u∞||L2p∞/(p∞−2) = 1. Thus (5.8) gives limi→∞ Y gipi (Xi) = Y g∞p∞ (X∞).
Next we assume limi→∞ Y
gi
pi
(Xi) > 0. Since
(a + b)p ≤ (1 + ǫ)p−1ap + (1 + 1/ǫ)p−1bp
for any a ≥ 0, b ≥ 0, p ≥ 1 and ǫ > 0, we have
|ui|2pi/(pi−2) ≤ (|ui,j − ui|+ |ui,j|)2pi/(pi−2)
≤ (1 + ǫ)(pi+2)/(pi−2)|ui,j − ui|2pi/(pi−2) + (1 + 1/ǫ)(pi+2)/(pi−2)|ui,j|2pi/(pi−2)
for every ǫ > 0. Thus we have
|ui|2pi/(pi−2) − (1 + ǫ)(pi+2)/(pi−2)|ui,j − ui|2pi/(pi−2) ≤ (1 + 1/ǫ)(pi+2)/(pi−2)|ui,j|2pi/(pi−2).
(5.10)
Note that by Proposition 3.10 and Theorem 3.12 we see that the left hand side of (5.10)
w-converges to
|u∞|2p∞/(p∞−2) − (1 + ǫ)(p∞+2)/(p∞−2)|u∞,j − u∞|2p∞/(p∞−2)
on X∞ as i → ∞ for every j. Since the right hand side of (5.10) w-converges to (1 +
1/ǫ)(p∞+2)/(p∞−2)|u∞,j|2p∞/(p∞−2) on X∞ and
lim
i→∞
∫
Xi
(
(1 + 1/ǫ)(pi+2)/(pi−2)|ui,j|2pi/(pi−2)
)
dυi
=
∫
X∞
(
(1 + 1/ǫ)(p∞+2)/(p∞−2)|u∞,j|2p∞/(p∞−2)
)
dυ∞,
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Corollary 3.11 yields
lim sup
i→∞
(∫
Xi
(|ui|2pi/(pi−2) − (1 + ǫ)(pi+2)/(pi−2)|ui,j − ui|2pi/(pi−2)) dυi)
≤
∫
X∞
(|u∞|2p∞/(p∞−2) − (1 + ǫ)(p∞+2)/(p∞−2)|u∞,j − u∞|2p∞/(p∞−2)) dυ∞,
i.e.,
1− (1 + ǫ)(p∞+2)/(p∞−2) lim inf
i→∞
∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
≤
∫
X∞
|u∞|2p∞/(p∞−2)dυ∞ − (1 + ǫ)(p∞+2)/(p∞−2)
∫
X∞
|u∞,j − u∞|2p∞/(p∞−2)dυ∞.
By letting j →∞ and ǫ→ 0 we have
1−
∫
X∞
|u∞|2p∞/(p∞−2)dυ∞ ≤ lim inf
j→∞
(
lim inf
i→∞
∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
)
.
Thus since ap − bp ≤ (a− b)p for any a ≥ b ≥ 0 and 0 < p ≤ 1 we have
1−
(∫
X∞
|u∞|2p∞/(p∞−2)dυ∞
)(p∞−2)/p∞
≤
(
1−
∫
X∞
|u∞|2p∞/(p∞−2)dυ∞
)(p∞−2)/p∞
≤
(
lim inf
j→∞
(
lim inf
i→∞
∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
))(p∞−2)/p∞
= lim inf
j→∞
(
lim inf
i→∞
(∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
)(pi−2)/pi)
.
Therefore by (5.9)(
lim
i→∞
Y gipi (Xi)
)
lim inf
j→∞
(
lim inf
i→∞
(∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
)(pi−2)/pi)
≥ lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
. (5.11)
On the other hand by assumption we have(∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
)(pi−2)/pi
≤ A
∫
Xi
|∇(ui,j − ui)|2dυi +B
∫
Xi
|ui,j − ui|2dυi.
In particular
lim sup
j→∞
(
lim sup
i→∞
(∫
Xi
|ui,j − ui|2pi/(pi−2)dυi
)(pi−2)/pi)
≤ A lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
.
(5.12)
60 SHOUHEI HONDA
Thus (5.11) and (5.12) yield
A
(
lim
i→∞
Y gipi (Xi)
)
lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
≥ lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
.
Since A limi→∞ Y
gi
pi
(Xi) < 1, we have
lim sup
j→∞
(
lim sup
i→∞
∫
Xi
|∇(ui,j − ui)|2dυi
)
= 0,
i.e., ∇ui L2-converges strongly to ∇u∞ on X∞. Therefore by an argument similar to that
in the case that limi→∞ Y
gi
pi
(Xi) ≤ 0 we have limi→∞ Y gipi (Xi) = Y g∞p∞ (X∞).
The final statement on the behavior of minimizers follows directly from the argument
above. 
Remark 5.7. In Theorem 5.6, if we do not consider the extremal case, then we do not
need the assumption (5.6) in order to get (5.7).
In fact, by an argument similar to the proof of Theorem 1.5 we can prove the following:
• Let {pi}i≤∞ be a convergent sequence in (2,∞] and let (Xi, υi) GH→ (X∞, υ∞) in
M(n,K, d) with diamX∞ > 0. Assume that there exist A,B > 0 such that for
every i < ∞, (Xi, υi) satisfies the (2pi/(pi − 2), 2)-Sobolev inequality on Xi for
(A,B). Then for any q > p∞/2, L
q-weak convergent sequence {gi}i≤∞ on X∞ of
gi ∈ Lq(Xi), and convergent sequence {ri}i≤∞ in (2,∞) with r∞ > p∞, we have
lim
i→∞
Y giri (Xi) = Y
g∞
r∞ (X∞).
See Remark 5.4.
We are now in a position to prove Corollary 1.8.
Proof of Corollary 1.8
It follows directly from Remark 2.7, Theorems 1.7, 2.8 and 3.2. 
Remark 5.8. We give remarks on generalized Yamabe constants on a noncollapsed
Ricci limit space.
Let 2 < p <∞, let {(Xi, υi)}i be a sequence of (Xi, υi) ∈M(n,K, d), let (X, υ) be the
noncollapsed Gromov-Hausdorff limit of them and let g ∈ Lp/2(X). For an open subset
U of X we define the generalized p-Yamabe constant Y gp (U) of U associated with g by
Y gp (U) := inf
f
∫
U
(|∇f |2 + g|f |2) dυ,
where f runs over all f ∈ LIPc(U) with ||f ||L2p/(p−2)(U) = 1.
Assume that
• there exists K1 > 0 such that |RicXi | ≤ K1 for every i.
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Then Cheeger-Colding showed in [ChC96] that R is an open subset of X and is a C1,α-
Riemannian manifold for every 0 < α < 1.
Moreover Cheeger-Naber proved in [ChN14]
dimH(X \ R) ≤ n− 4,
where dimH is the Hausdorff dimension. See also [An89, BKN89, ChCT02, T90]. In
particular we see that the Sobolev 2-capacity of X \ R is zero (see [H95] and [KM96]
for the definition of the Sobolev capacity). Thus [Sh01, Theorem 4.8] yields that the
canonical inclusion
◦
H1,2 (R) →֒ H1,2(X)
is isomorphic, where
◦
H1,2 (R) is the closure of LIPc(R) in H1,2(X).
In particular we have
Y gp (R) = Y gp (X)
if p ≥ n.
Moreover we assume that
• Xi is an Einstein manifold for every i.
Then Cheeger-Colding proved in [ChC97] thatR is also an Einstein manifold. Thus (X, υ)
is a typical example of almost smooth metric measure spaces in the sense of Akutagawa-
Carron-Mazzeo introduced in [ACM14].
6. Rellich type compactness for tensor fields
In this section we establish a Rellich type compactness for tensor fields with respect to
the Gromov-Hausdorff topology. By using this we also discuss the compatibility between
two Levi-Civita connections ∇gX ,∇υ introduced in [Hon14, G14], respectively. The main
results of this section are Theorems 6.11, 6.14 and Corollary 6.15.
6.1. A closedness of ∇gX . We start this subsection by giving the following lemma. Note
that by definition we have H1,q(BR(x)) ⊂ H1,p(BR(x)) for every 1 < p ≤ q < ∞ (see for
instance [Ch99, H95, Sh00]).
Lemma 6.1. Let 1 < p ≤ q <∞, let R > 0, let (X, x, υ) ∈ M(n,K) with diamX > 0,
and let f ∈ H1,p(BR(x)). If ∇f ∈ Lq(TBR(x)), then f ∈ H1,q(BR(x)).
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Proof. By the (1, p)-Poincare´ inequality and the Ho¨lder inequality we have
1
υ(Br(y))
∫
Br(y)
∣∣∣∣f − 1υ(Br(y))
∫
Br(y)
fdυ
∣∣∣∣ dυ
≤ C(n,K,R, p)r
(
1
υ(Br(y))
∫
Br(y)
|∇f |pdυ
)1/p
≤ C(n,K,R, p)r
(
1
υ(Br(y))
∫
Br(y)
|∇f |qdυ
)1/q
for any y ∈ BR(x) and r > 0 with Br(y) ⊂ BR(x). Thus by [HKT07, Theorem 1.1] we
have f ∈ H1,q(BR(x)). 
Definition 6.2. Let 1 < p ≤ ∞, let r, s ∈ Z≥0, let R > 0, let (X, υ) ∈ M(n,K, d) with
diamX > 0, and let x ∈ X . We denote by W2p(T rsBR(x)) the set of T ∈ Γ1(T rsBR(x))
satisfying the following three conditions:
(1) T ∈ L2p(T rsBR(x)).
(2) ∇gXT ∈ L2(T rs+1BR(x)).
(3) For any y ∈ BR(x), rˆ > 0 with B rˆ(y) ⊂ BR(x), harmonic map h = (hi)1≤i≤r+s :
Brˆ(y)→ Rr+s, and t < rˆ there exists 1 < q <∞ such that 〈T,∇rsh〉 ∈ H1,q(Bt(y)).
Remark 6.3. If a Borel tensor field T ∈ Γ0(T rsBR(x)) satisfies (3) of Definition 6.2,
then T ∈ Γ1(T rsBR(x)). This follows directly from Theorems 2.9, 4.11 and an argument
similar to the proof of [Hon14, Proposition 3.25] with Theorem 2.11. Note that if (X, υ) ∈
M(n,K, d) and T ∈ C∞(T rsBR(x)), then T satisfies (3).
Proposition 6.4. W2p(T
r
sBR(x)) is a linear space.
Proof. It suffices to check that for every T ∈ W2p(T rsBR(x)) we can choose q as in (3)
of Definition 6.2 by 2p/(p+ 1).
Let h, y and t be as in Definition 6.2. Note that Corollary 1.3 yields the Lipschitz
continuity of h on Bt(y).
The Ho¨lder inequality, (1.4) and Theorem 4.11 yield
||∇ 〈T,∇rsh〉 ||L2p/(p+1)(Bt(y))
≤ ||∇gXT ||L2p/(p+1)(Bt(y))||∇rsh||L∞(Bt(y)) + |||T | |∇gX∇rsh| ||L2p/(p+1)(Bt(y))
≤ ||∇gXT ||L2p/(p+1)(Bt(y))||∇rsh||L∞(Bt(y)) + |||T | |∇gX∇rsh| ||L2p/(p+1)(Bt(y))
≤ ||∇gXT ||L2p/(p+1)(Bt(y))||∇rsh||L∞(Bt(y)) + ||T ||L2p(Bt(y))||∇gX∇rsh||L2(Bt(y))
<∞.
Thus Lemma 6.1 yields the assertion. 
We define a norm || · ||W2p on W2p(T rsBR(x)) by
||T ||W2p := ||T ||L2p + ||∇gXT ||L2.
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Let us consider the following setting throughout this subsection.
• Let R > 0, let 1 < p ≤ ∞ and let r, s ∈ Z≥0.
• Let (Xi, υi) GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0.
• Let {xi}i≤∞ be a convergent sequence of xi ∈ Xi.
• Let {Ti}i<∞ be a sequence of Ti ∈ W2p(T rsBR(xi)) with supi ||Ti||W2p <∞.
• Let T∞ be the L2p-weak limit on BR(x∞) of {Ti}i.
Proposition 6.5. Let {yi}i≤∞ be a convergent sequence of yi ∈ BR(xi), let rˆ > 0
with B rˆ(y∞) ⊂ BR(x∞), and let {hi}i≤∞ be a uniform convergent sequence on Brˆ(y∞) of
harmonic maps hi = (hi,j)1≤j≤r+s : Brˆ(yi) → Rr+s. Then for every t < rˆ we see that
〈T∞,∇rsh∞〉 ∈ H1,2p/(p+1)(Bt(y∞)), that 〈Ti,∇rshi〉 L2p-converges strongly to 〈T∞,∇rsh∞〉
on Bt(y∞) that 〈Ti,∇rshi〉 Lα-converges strongly to 〈T∞,∇rsh∞〉 on Bt(y∞) for every α <
2p and that ∇〈Ti,∇rshi〉 L2p/(p+1)-converges weakly to ∇〈T∞,∇rsh∞〉 on Bt(y∞).
Proof. Fix t < rˆ. By the proof of Proposition 6.4 we have 〈Ti,∇rshi〉 ∈ H1,2p/(p+1)(Bt(yi))
for every i <∞ and
sup
i<∞
|| 〈Ti,∇rshi〉 ||H1,2p/(p+1)(Bt(yi)) <∞.
Since ∇rshi L2-converges strongly to ∇rsh∞ on Bt(y∞) with supi ||∇rshi||L∞(Bt(yi)) <∞, we
see that 〈Ti,∇rshi〉 L2p-converges weakly to 〈T∞,∇rsh∞〉 on Bt(y∞). Thus the assertion
follows from Theorem 3.4. 
Corollary 6.6. We have T∞ ∈ Γ1(T rsBR(x∞)).
Proof. It follows directly from Corollary 1.3, Remark 6.3 and Proposition 6.5. 
We are now in a position to give a closedness of∇gX with respect to the Gromov-Hausdorff
topology:
Theorem 6.7. If Ti L
2-converges strongly to T∞ on BR(x∞), then we see that T∞ ∈
W2p(T
r
sBR(x∞)) and that ∇gXiTi L2-converges weakly to ∇gX∞T∞ on BR(x∞).
Proof. By Corollary 4.8 and [Hon13a, Corollary 3.53] it suffice to check the following:
Claim 6.8. Let {yi}i≤∞, {hi}i≤∞ and rˆ be as in Proposition 6.5, and let {fi}i≤∞ be
a uniform convergent sequence on Brˆ(y∞) of harmonic functions fi on Brˆ(yi). Then we
have
lim
i→∞
∫
Bt(yi)
〈∇gXi∇fiTi,∇rshi〉 dυi = ∫
Bt(y∞)
〈∇gX∞∇f∞T∞,∇rsh∞〉 dυ∞
for every t < rˆ.
The proof is as follow. Note〈∇gXi∇fiTi,∇rshi〉 = 〈∇fi,∇〈Ti,∇rshi〉〉 − 〈Ti,∇gXi∇fi∇rshi〉 .
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Corollary 1.3, Theorem 4.13 and Proposition 6.5 yield
lim
i→∞
∫
Bt(yi)
〈∇fi,∇〈Ti,∇rshi〉〉 dυi =
∫
Bt(y∞)
〈∇f∞,∇〈T∞,∇rsh∞〉〉 dυ∞.
On the other hand Theorem 4.13 with Remark 4.12 yields that ∇gXi∇fi∇rshi L2-converges
weakly to ∇gX∞∇f∞∇rsh∞ on Bt(y∞). Thus we have
lim
i→∞
∫
Bt(yi)
〈
Ti,∇gXi∇fi∇rshi
〉
dυi =
∫
Bt(y∞)
〈
T∞,∇gX∞∇f∞∇rsh∞
〉
dυ∞.
This completes the proof. 
Next we give a sufficient condition for the L2-strong convergence of {Ti}i.
Theorem 6.9. If (X∞, υ∞) is the noncollapsed limit of {(Xi, υi)}i, then we see that Ti
L2-converges strongly to T∞ on BR(x∞).
Proof. Let A := {(C∞,j, φ∞,j)}j∈N be a harmonic rectifiable system of (X∞, υ∞),
let w∞ ∈
⋃
j C∞,j and let ǫ > 0. Without loss of generality we can assume that
LebC∞,j = C∞,j (see for instance [Hon11, Lemma 3.5]). Then there exist j, r0 > 0
and a C(n,K)-Lipschitz harmonic map φˆ∞,j : Br0(w∞)→ Rk such that w∞ ∈ C∞,j, that
φˆ∞,j|C∞,j∩Br0 (w∞) = φ∞,j, that max{Lipφ∞,j,Lip(φ∞,j)−1} ≤ 1 + ǫ and that
υ∞(Bt(w∞) ∩ C∞,j)
υ∞(Bt(w∞))
≥ 1− ǫ
for every t < r0. Then for any t < r0 and l, m we have
1
υ∞(Bt(w∞))
∫
Bt(w∞)
∣∣∣〈∇φˆ∞,j,l,∇φˆ∞,j,m〉 − δlm∣∣∣ dυ∞
≤ 1
υ∞(Bt(w∞))
∫
Bt(w∞)∩C∞,j
|〈∇φ∞,j,l,∇φ∞,j,m〉 − δlm| dυ∞ + C(n,K)ǫ
≤ C(n,K)ǫ,
where φˆ∞,j := (φˆ∞,j,1, . . . , φˆ∞,j,k) and k = dimX∞.
Let {wi}i≤∞ be a convergent sequence of wi ∈ Xi and fix t > 0 with t < r0/2.
By Corollary 1.3 without loss of generality we can assume that there exists a uniform
convergent sequence {φˆi,j}i≤∞ on B2r0/3(w∞) of C(n,K, r0)-Lipschitz harmonic maps
φˆi,j = (φˆi,j,1, . . . , φˆi,j,k) : B2r0/3(wi)→ Rk.
Then we have
1
υi(Bt(wi))
∫
Bt(wi)
∣∣∣〈∇φˆi,j,l,∇φˆi,j,m〉 − δlm∣∣∣ dυi < C(n,K)ǫ
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for every sufficiently large i. Let Ai :=
⋂
l,m{|〈∇φˆi,j,l,∇φˆi,j,m〉 − δlm| ≤ ǫ1/2} ∩ Bt(wi).
Then we have
υi(Bt(wi) \ Ai)
υi(Bt(wi))
≤ ǫ
−1/2
υi(Bt(wi))
∑
l,m
∫
Ai,l,m
∣∣∣〈∇φˆi,j,l,∇φˆi,j,m〉 − δlm∣∣∣ dυi
≤ C(n,K)ǫ1/2,
where Ai,l,m := {|〈∇φˆi,j,l,∇φˆi,j,m〉− δlm| ≤ ǫ1/2}∩Bt(wi). It is easy to check the following
(see also [Hon13a, Proposition 2.1]):
Claim 6.10. Let ǫ > 0, let V be a k-dimensional Hilbert space with the inner product
〈·, ·〉, and let {vi}1≤i≤k be an ǫ-orthogonal bases of V which means that
〈vi, vj〉 = δij ± ǫ
holds for any i, j. Then for every v ∈ V we have
|v|2 = (1±Ψ(ǫ; k))
k∑
i=1
〈v, vi〉2.
Let Λ be the set of maps from {1, . . . , r+ s} to {1, . . . , k} and let φˆσi,j be the harmonic
map from Bt(wi) to R
r+s defined by φˆσi,j := (φˆi,j,σ(1), . . . , φˆi,j,σ(r+s)) for every σ ∈ Λ. Note
that |∇rsφˆσi,j| ≤ C(n,K, r0, r, s) and that {∇rsφˆσi,j(x)}σ∈Λ is a Ψ(ǫ;n, r, s)-orthogonal bases
of (T rs )xXi for any i and x ∈ Ai. Then
1
υi(Bt(wi))
∫
Bt(wi)
|Ti|2dυi
≤ 1
υi(Bt(wi))
∫
Ai
|Ti|2dυi + 1
υi(Bt(wi))
∫
Bt(wi)\Ai
|Ti|2dυi
≤ 1
υi(Bt(wi))
∫
Ai
|Ti|2dυi +
(
υi(Bt(wi) \ Ai)
υi(Bt(wi))
)(p−1)/p (∫
Bt(wi)
|Ti|2pdυi
)1/p
≤ 1
υi(Bt(wi))
∫
Ai
|Ti|2dυi +Ψ(ǫ;n,K, L, p) (6.1)
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for every sufficiently large i. Thus Proposition 6.5 and Claim 6.10 give
1
υi(Bt(wi))
∫
Bt(wi)
|Ti|2dυi
≤ 1
υi(Bt(wi))
∫
Ai
|Ti|2dυi +Ψ(ǫ;n,K, L, p)
≤ 1 + Ψ(ǫ;n, r, s)
υi(Br(wi))
∫
Ai
∑
σ∈Λ
〈
Ti,∇rsφˆσi,j
〉2
dυi +Ψ(ǫ;n,K, L, p)
≤ 1 + Ψ(ǫ;n, r, s)
υi(Bt(wi))
∫
Bt(wi)
∑
σ∈Λ
〈
Ti,∇rsφˆσi,j
〉2
dυi +Ψ(ǫ;n,K, L, p)
≤ 1 + Ψ(ǫ;n, r, s)
υ∞(Bt(w∞))
∫
Bt(w∞)
∑
σ∈Λ
〈
T∞,∇rsφˆσ∞,j
〉2
dυ∞ +Ψ(ǫ;n,K, L, p). (6.2)
On the other hand by an argument similar to (6.1) we have
1
υ∞(Bt(w∞))
∫
Bt(w∞)
∑
σ∈Λ
〈
T∞,∇rsφˆσ∞,j
〉2
dυ∞
≤ 1
υ∞(Bt(w∞))
∫
A∞
∑
σ∈Λ
〈
T∞,∇rsφˆσ∞,j
〉2
dυ∞ +Ψ(ǫ;n,K, L, p, r0, r, s).
Thus we have
1
υ∞(Bt(w∞))
∫
Bt(w∞)
∑
σ∈Λ
〈
T∞,∇rsφˆσ∞,j
〉2
dυ∞
≤ 1 + Ψ(ǫ;n, r, s)
υ∞(Bt(w∞))
∫
A∞
|T∞|2dυ∞ +Ψ(ǫ;n,K, L, p, r0, r, s)
≤ 1 + Ψ(ǫ;n, r, s)
υ∞(Bt(w∞))
∫
Bt(w∞)
|T∞|2dυ∞ +Ψ(ǫ;n,K, L, p, r0, r, s) (6.3)
for every sufficiently large i. Therefore (6.2) and (6.3) yield that {|Ti|2}i L1loc-weakly upper
semicontinuous at w∞. In particular by Proposition 3.8 we have
lim sup
i→∞
∫
BR(xi)
|Ti|2dυi ≤
∫
BR(x∞)
|T∞|2dυ∞.
This completes the proof. 
Theorems 6.7, 6.9 and the Lp-weak compactness give the following Rellich type com-
pactness:
Theorem 6.11. Let R > 0, let r, s ∈ Z≥0, let 1 < p ≤ ∞, let (Xi, υi) GH→ (X∞, υ∞) in
M(n,K, d) with dimXi = dimX∞ ≥ 1 for every i, let {xi}i≤∞ be a convergent sequence
of xi ∈ Xi and let {Ti}i<∞ be a sequence of Ti ∈ W2p(T rsBR(xi)) with supi ||Ti||W2p <∞.
Then there exist T∞ ∈ W2p(T rsBR(x∞)) and a subsequence {i(j)}j such that Ti(j) L2-
converges strongly to T∞ on BR(x∞) and that ∇gXi(j)Ti(j) L2-converges weakly to ∇gX∞T∞
on BR(x∞).
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Corollary 6.12. W2p(T
r
sBR(x)) is a Banach space for any R > 0, p ∈ (1,∞], r, s ∈
Z≥0, (X, υ) ∈M(n,K, d) with diamX > 0, and x ∈ X.
Proof. It suffices to check the completeness.
Let {Ti}i<∞ be a Cauchy sequence inW2p(T rsBR(x)). Since L2p(T rsBR(x)) and L2(T rs+1BR(x))
are complete there exist the L2p-strong limit T∞ ∈ L2p(T rsBR(x)) of {Ti}i and the L2-
strong limit S∞ ∈ L2(T rs+1BR(x)) of {∇gXiTi}i. On the other hand, applying Theorem 6.11
to the case that (Xi, υi) ≡ (X, υ) yields that T∞ ∈ W2p(T rsBR(x)) and S∞ = ∇gX∞T∞.
This completes the proof. 
6.2. A closedness of Gigli’s Levi-Civita connection ∇υ. The main purpose of this
subsection is to introduce a generalization of the closedness of Gigli’s Levi-Civita connec-
tion [G14, Theorem 3.4.2] to the Gromov-Hausdorff setting which plays a key role in the
next section. It is the following:
Theorem 6.13. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, let r, s ∈
Z≥0, let {Ti}i<∞ be a sequence of Ti ∈ W 1,2C (T rsXi) with supi ||Ti||W 1,2C <∞, and let T∞ be
the L2-strong limit on X∞ of them. Then we see that T∞ ∈ W 1,2C (T rsX∞) and that ∇υiTi
L2-converges weakly to ∇υ∞T∞ on X∞.
The proof will be given in subsection 7.2. By Theorem 6.13 we have the following:
Theorem 6.14. Let R > 0, let r, s ∈ Z≥0, let {(Xi, υi)}i<∞ be a sequence inM(n,K, d),
let (X∞, υ∞) be the Gromov-Hausdorff limit of them with diamX∞ > 0, let {xi}i≤∞ be a
convergent sequence of xi ∈ Xi, let {Ti}i<∞ be a sequence of Ti ∈ C∞(T rsBR(xi)) with
sup
i<∞
(||Ti||L2 + ||∇Ti||L2) <∞,
and let T∞ be the L
2-strong limit on BR(x∞) of them. Then we have the following.
(1) T∞ ∈ W2n/(n−1)(T rsBR(x∞)).
(2) |T∞|2 ∈ H1,2n/(2n−1)(BR(x∞)).
(3) Ti L
2n/(n−1)-converges weakly to T∞ on BR(x∞).
(4) Ti L
r-converges strongly to T∞ on BR(x∞) for every 1 < r < 2n/(n− 1).
(5) ∇|Ti|2 L2n/(2n−1)-converges weakly to ∇|T∞|2 on BR(x∞).
(6) ∇Ti L2-converges weakly to ∇gX∞T∞ on BR(x∞).
(7) If R > d, i.e., Xi = BR(xi) for every i ≤ ∞, then we have T∞ ∈ W 1,2C (T rsX∞) and
∇gX∞T∞ = ∇υ∞T∞.
Proof. Since |∇|Ti|2| ≤ 2|∇Ti||Ti| ≤ |∇Ti|2 + |Ti|2, by Theorems 2.8, 3.4 and 6.7
we see (1), (3), (6) and that |Ti|2 Lr-converges strongly to |T∞|2 on BR(x∞) for every
1 < r < n/(n− 1). In particular we have (4).
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On the other hand for every i <∞, Young’s inequality yields
|∇|Ti|2|2n/(2n−1) ≤ 22n/(2n−1)|∇Ti|2n/(2n−1)|Ti|2n/(n−1)
≤ 2
2n/(2n−1)
2n− 1
(
n|∇Ti|2 + (n− 1)|Ti|2n/(n−1)
)
.
Thus Theorem 2.16 yields (2) and (5).
Finally Theorem 6.13 yields (7). This completes the proof. 
Note that Theorem 1.13 is a direct consequence of the following:
Corollary 6.15. Let R > 0, let r, s ∈ Z≥0, let {(Xi, υi)}i<∞ be a sequence in
M(n,K, d), let (X∞, υ∞) be the noncollapsed Gromov-Hausdorff limit of them, let {xi}i≤∞
be a convergent sequence of xi ∈ Xi and let {Ti}i<∞ be a sequence of Ti ∈ C∞(T rsBR(xi))
with
sup
i<∞
(||Ti||L2 + ||∇Ti||L2) <∞.
Then there exist T∞ ∈ W2n/(n−1)(T rsBR(x∞)) and a subsequence {i(j)}j such that the
following hold.
(1) Ti(j) L
2n/(n−1)-converges weakly to T∞ on BR(x∞).
(2) Ti(j) L
r-converges strongly to T∞ on BR(x∞) for every 1 < r < 2n/(n− 1).
(3) |T∞|2 ∈ H1,2n/(2n−1)(BR(x∞)).
(4) ∇|Ti(j)|2 L2n/(2n−1)-converges weakly to ∇|T∞|2 on BR(x∞).
(5) ∇Ti(j) L2-converges weakly to ∇gX∞T∞ on BR(x∞).
(6) If R > d, then we have T∞ ∈ W 1,2C (T rsX∞) and ∇gX∞T∞ = ∇υ∞T∞.
Proof. It follows directly from Theorems 6.9 and 6.14. 
Remark 6.16. Theorem 6.14 yields that the following question is natural:
• Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d) and let (X∞, υ∞) be the Gromov-
Hausdorff limit of them with diamX∞ > 0. For given T∞ ∈ L2(T rsX∞) when does
there exist a sequence {Ti}i<∞ of Ti ∈ C∞(T rsXi) with supi<∞ ||∇Ti||L2 <∞ such
that Ti L
2-converges strongly to T∞ on X∞?
We will give an answer to this question in subsection 7.2. See Remark 7.6, Corollaries
7.10 and 7.11.
Note that in general we can not prove Corollary 6.15 without the noncollapsed assump-
tion. We give such two examples.
Remark 6.17. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let
{xi}i≤∞ be a convergent sequence of xi ∈ Xi. Then we proved in [Hon13a, Theorem 1.2]
that gXi L
p-converges weakly to gX∞ on BR(x∞) for any 1 < p <∞ and R > 0. Moreover
it is proved that the following three conditions are equivalent:
(1) gXi L
p-converges strongly to gX∞ on BR(x∞) for any 1 < p <∞ and R > 0.
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(2) gXi L
p-converges strongly to gX∞ on BR(x∞) for some 1 < p <∞ and R > 0.
(3) (X∞, υ∞) is the noncollapsed Gromov-Hausdorff limit of {(Xi, υi)}i.
In particular if (X∞, υ∞) is the collapsed limit of {(Xi, υi)}i, then although ∇gXigXi ≡ 0,
gXi does not L
2-converge strongly to gX∞ on BR(x∞) for any 1 < p <∞ and R > 0. This
example shows that the noncollapsed assumption in Corollary 6.15 is essential.
Remark 6.18. Let Xǫ := S
1(1) × S1(ǫ), let ωǫ be a harmonic 1-form on S1(ǫ) with
|ωǫ| ≡ 1, and let ηǫ := π∗2ωǫ, where S1(ǫ) := {x ∈ R2; |x| = ǫ} and π2 is the projection
from Xǫ to S
1(ǫ). Note that ∇ηǫ ≡ 0 and that (Xǫ, H2/(4π2ǫ)) GH→ (S1(1), H1/(2π)) as
ǫ→ 0. Then it is easy to check that ηǫ L2-converges weakly to 0 on S1(1). However, since
|ηǫ| ≡ 1, ηǫ does not L2-converge strongly to 0 on S1(1).
We end this subsection by giving the following application of Theorems 6.13 and 6.14.
It means that the noncollapsed Gromov-Hausdorff limit of a sequence of compact Ka¨hler
manifolds is also Ka¨hler in some weak sense:
Theorem 6.19. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
Gromov-Hausdorff limit of them with diamX∞ > 0, let {Ji}i<∞ be a sequence of Ji ∈
C∞(T 11Xi) and let J∞ is the L
2-weak limit on X∞ of them. Assume that (Xi, Ji, gXi) is
Ka¨hler for every i <∞, i.e., the following three conditions hold.
• ∇Ji ≡ 0.
• gXi(Ji(u), Ji(v)) = gXi(u, v) for any xi ∈ Xi and u, v ∈ TxiXi, where we used the
canonical identification:
TxiXi ⊗ T ∗xiXi ≃ Aut(TxiXi).
• J2i ≡ −id.
Then we see that J∞ is the L
2-strong limit on X∞ of {Ji}i if and only if (X∞, υ∞)
is the noncollapsed Gromov-Hausdorff limit of {(Xi, υi)}i. Moreover if (X∞, υ∞) is the
noncollapsed Gromov-Hausdorff limit of {(Xi, υi)}i, then we have the following:
(1) J∞ ∈ W 1,2C (T 11X∞) ∩W∞(T 11X∞).
(2) ∇gX∞J∞ = ∇υ∞J∞ = 0.
(3) For a.e. x∞ ∈ X∞, gX∞(J∞(u), J∞(v)) = gX∞(u, v) for any u, v ∈ Tx∞X∞.
(4) J2∞ = −id in L∞(T 11X∞).
Proof. By Corollary 6.15, if (X∞, υ∞) is the noncollapsed Gromov-Hausdorff limit of
{(Xi, υi)}i, then J∞ is the L2-strong limit on X∞ of {Ji}i.
Assume that J∞ is the L
2-strong limit on X∞ of {Ji}i. Note that |Ji|2 ≡ dimXi for
every i < ∞. Thus Theorem 6.14 and [Hon13a, Proposition 3.45] give (1), (2) and that
Ji, J
2
i L
2-converge strongly to J∞, J
2
∞ on X∞, respectively. In particular we have (4).
Next we prove (3).
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Let {xi,j}i≤∞,j∈{1,2,3} be sequences of xi,j ∈ Xi with xi,j GH→ x∞,j. Since Ji(∇rxi,j )
L2-converges strongly to J∞(∇rx∞,j) on X∞, we have∫
Br(x∞,3)
〈J∞(∇rx∞,1), J∞(∇rx∞,2)〉dυ∞ = lim
i→∞
∫
Br(xi,3)
〈Ji(∇rxi,1), Ji(∇rxi,2)〉dυi
= lim
i→∞
∫
Br(xi,3)
〈∇rxi,1,∇rxi,2〉dυi
=
∫
Br(x∞,3)
〈∇rx∞,1,∇rx∞,2〉dυ∞
for every r > 0. Thus the Lebesgue differentiation theorem and [Hon11, Theorem 3, 1]
yield (3).
Finally (3) gives |J∞|2 = dimX∞. Thus we have
lim
i→∞
dimXi = lim
i→∞
∫
Xi
|Ji|2dυi =
∫
X∞
|J∞|2dυ∞ = dimX∞,
i.e., (X∞, υ∞) is the noncollapsed Gromov-Hausdorff limit of {(Xi, υi)}i. This completes
the proof. 
7. Differential forms
In this section we discuss the behavior of differential forms with respect to the Gromov-
Hausdorff topology.
7.1. Bochner inequality. The main purpose of this subsection is to establish a Bochner
inequality for 1-forms on a Ricci limit space. For that we start this subsection by giving
the following.
Proposition 7.1. Let L,R > 0, let (X, x, υ) ∈ M(n,K) and let ω ∈ C∞(T ∗BR(x))
with
1
υ(BR(x))
∫
BR(x)
(|ω|2 + |dω|2 + |δω|2) dυ ≤ L.
Then for every r < R we have
1
υ(Br(x))
∫
Br(x)
|∇ω|2dυ ≤ C(n,K, r, R, L).
Proof. By [ChC96, Theorem 8.16] there exists φ ∈ C∞(X) such that 0 ≤ φ ≤ 1, that
supp φ ⊂ BR(x), that φ ≡ 1 on Br(x) and that |∇φ|+ |∆φ| ≤ C(n,K, r, R). The Bochner
formula yields
−1
2
φ∆|ω|2 ≥ φ|∇ω|2 − φ〈∆H,1ω, ω〉+K(n− 1)φ|ω|2.
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Integrating this on BR(x) and Bishop-Gromov’s volume comparison theorem give
C(n, r, R,K, L) ≥ − 1
2υ(BR(x))
∫
BR(x)
|ω|2∆φdυ
≥ 1
υ(BR(x))
∫
BR(x)
(
φ|∇ω|2 − 〈dω, d(φω)〉 − 〈δω, δ(φω)〉+K(n− 1)φ|ω|2) dυ
≥ C(n,K, r, R)
υ(Br(x))
∫
Br(x)
|∇ω|2dυ − C(n, r, R,K, L),
where we used the inequalities
|〈dω, d(φω)〉| ≤ |dφ||ω||dω|+ |dω|2 ≤ C(n,K, r, R)(|ω|2 + |dω|2)
and
|〈δω, δ(φω)〉| ≤ |dφ||ω||δω|+ |δω|2 ≤ C(n,K, r, R)(|ω|2 + |δω|2).
This completes the proof. 
Theorem 7.2. Let R > 0, let 1 < p < ∞, let (Xi, υi) GH→ (X∞, υ∞) in M(n,K, d)
with diamX∞ > 0, let {xi}i≤∞ be a convergent sequence of xi ∈ Xi and let {ωi}i≤∞ be a
sequence of ωi ∈ Γ1(
∧k T ∗BR(xi)). Assume that ∇gXiωi Lp-converges weakly to ∇gX∞ω∞
on BR(x∞). Then we see that dωi L
p-converges weakly to dω∞ on BR(x∞). Moreover
if (X∞, υ∞) is the noncollapsed Gromov-Hausdorff limit of {(Xi, υi)}i and k = 1, then
δgXiωi L
p-converges weakly to δgX∞ω∞ on BR(x∞).
Proof. Let {xi,j}i≤∞,0≤j≤k be sequences of xi,j ∈ Xi with xi,j GH→ x∞,j as i→∞, and
let {yi}i≤∞ be a convergent sequence of yi ∈ BR(xi). Then by (2.2) and the assumption
we have
lim
i→∞
∫
Br(yi)
dωi(∇rxi,0, . . . ,∇rxi,k)dυi
= lim
i→∞
(
k∑
l=0
(−1)l
∫
Br(yi)
(∇gXi∇rxi,lωi)(∇rxi,0, . . . ,∇rxi,l−1,∇rxi,l+1, . . . ,∇rxi,k)dυi
)
=
k∑
l=0
(−1)l
∫
Br(y∞)
(∇gX∞∇rx
∞,l
ω∞)(∇rx∞,0, . . . ,∇rx∞,l−1,∇rx∞,l+1, . . . ,∇rx∞,k)dυ∞
=
∫
Br(y∞)
dω∞(∇rx∞,0, . . . ,∇rx∞,k)dυ∞
for every r > 0 with Br(y∞) ⊂ BR(x∞). Thus we see that dωi Lp-converges weakly to dω∞
on BR(x∞). The last assertion is a direct consequence of [Hon13a, Proposition 3.72]. 
We are now in a position to introduce a Bochner inequality for 1-forms on a Ricci limit
space and a compatibility between codifferentials δυ, δgX for 1-forms:
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Theorem 7.3. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
Gromov-Hausdorff limit of them with diamX∞ > 0, let {xi}i≤∞ be a convergent sequence
of xi ∈ Xi, let R > 0, and let {ωi}i<∞ be a sequence of ωi ∈ C∞(T ∗BR(xi)) with
sup
i<∞
∫
BR(xi)
(|dωi|2 + |δωi|2) dυi <∞,
and let ω∞ be the L
2-strong limit on BR(x∞) of them. Then the following hold:
(1) We see that ω∞ ∈ D2(δυ∞ , BR(x∞)) and that δυ∞ω∞ is the L2-weak limit on
BR(x∞) of {δωi}i. Moreover if dimX∞ = n, then δgX∞ω∞ = δυ∞ω∞.
(2) For every r < R, we see that ω∞ ∈ W2n/(n−1)(T ∗Br(x∞)) and that dω∞,∇gX∞ω∞
are the L2-weak limits on Br(x∞) of {dωi}i, {∇ωi}i, respectively.
(3) If dω∞, δ
υ∞ω∞ are the L
2-strong limits on Br(x∞) of {dωi}i, {δωi}i for every r <
R, respectively, then we have the following;
−1
2
∫
BR(x∞)
〈
dφ∞, d|ω∞|2
〉
dυ∞ ≥
∫
BR(x∞)
φ∞|∇gX∞ω∞|2dυ∞
−
∫
BR(x∞)
(δυ∞(φ∞ω∞)δ
υ∞ω∞ + 〈d(φ∞ω∞), dω∞〉) dυ∞
+K(n− 1)
∫
BR(x∞)
φ∞|ω∞|2dυ∞
for every φ∞ ∈ LIPc(BR(x∞)) with φ∞ ≥ 0.
Proof. By Theorems 6.14, 7.2, Proposition 7.1 and [Hon13a, Theorem 4.1], we have
(1) and (2).
Assume that dω∞, δ
υ∞ω∞ are L
2-strong limits on Br(x∞) of {dωi}i, {δωi}i for every
r < R, respectively. Let φ∞ ∈ LIPc(BR(x∞)) with φ∞ ≥ 0, and let r > 0 with supp φ∞ ⊂
Br(x∞).
By an argument similar to the proof of [Hon13a, Theorem 1.4] without loss of generality
we can assume that there exists a sequence {φi}i≤∞ of φi ∈ LIPc(Br(xi)) such that φi ≥ 0,
that supi Lipφi < ∞, that supp φi ⊂ Br(xi) and that φi, dφi Lp-converge strongly to
φ∞, dφ∞ on Br(x∞) for every 1 < p <∞, respectively.
Then the Bochner formula on Xi yields
−1
2
∫
Br(xi)
〈
dφi, d|ωi|2
〉
dυi ≥
∫
Br(xi)
φi|∇ωi|2dυi
−
∫
Br(xi)
(δ(φiωi)δωi + 〈d(φiωi), dωi〉) dυi
+K(n− 1)
∫
Br(xi)
φi|ωi|2dυi (7.1)
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for every i <∞. Theorem 6.14 gives
lim
i→∞
∫
Br(xi)
〈
dφi, d|ωi|2
〉
dυi =
∫
Br(x∞)
〈
dφ∞, d|ω∞|2
〉
dυ∞ (7.2)
and
lim
i→∞
∫
Br(xi)
φi|ωi|2dυi =
∫
Br(x∞)
φ∞|ω∞|2dυ∞. (7.3)
Similarly by Theorem 6.14, since (φi)
1/2∇ωi L2-converges weakly to (φ∞)1/2∇gX∞ω∞ on
Br(x∞) we have
lim inf
i→∞
∫
Br(xi)
φi|∇ωi|2dυi ≥
∫
Br(x∞)
φ∞|∇gX∞ω∞|2dυ∞. (7.4)
On the other hand, we can easily see that d(φiωi), δ(φiωi) L
2-converge strongly to
d(φ∞ω∞), δ
υ∞(φ∞ω∞) on Br(x∞), respectively. In particular we have
lim
i→∞
∫
Br(xi)
(δ(φiωi)δωi + 〈d(φiωi), dωi〉) dυi
=
∫
Br(x∞)
(δυ∞(φ∞ω∞)δ
υ∞ω∞ + 〈d(φ∞ω∞), dω∞〉) dυ∞. (7.5)
Thus by letting i → ∞ in (7.1) with (7.2), (7.3), (7.4) and (7.5), this completes the
proof. 
Corollary 7.4. Let R > 0, let (X, υ) ∈ M(n,K, d) with diamX > 0, let x ∈ X and
let f ∈ D2(∆υ, BR(x)). Then we have the following:
−1
2
∫
BR(x)
〈dφ, d|df |2〉dυ ≥
∫
BR(x)
φ|HessgXf |2dυ +
∫
BR(x)
(−φ(∆υf)2 +∆υf〈dφ, df〉)dυ
+K(n− 1)
∫
BR(x)
φ|df |2dυ (7.6)
for every φ ∈ LIPc(BR(x)) with φ ≥ 0 on BR(x).
Proof. It follows directly from Theorems 4.7, 4.13 and an argument similar to the
proof of Theorem 7.3. 
Note that we showed in [Hon13a] that (7.6) holds formost functions f ∈ D2(∆υ, BR(x)).
See [Hon13a, Theorem 1.4].
7.2. New test classes and Hodge Laplacian. In this subsection we prove the remained
results stated in subsection 1.4. Let (X, υ) ∈ M(n,K, d) with diamX > 0. We start
this section by giving the following approximation. Recall (1.17) for the definition of
T˜estF (X).
Proposition 7.5. Let f ∈ LIP(X)∩D2(∆υ, X). Then there exists a sequence {fi}i of
fi ∈ T˜estF (X) such that supi Lipfi <∞, that fi → f in H1,2(X) and that ∆υfi → ∆υf
in L2(X). Moreover if f ∈ TestF (X) then we can assume that ∆υfi → ∆υf in H1,2(X).
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Proof. Let us consider the following approximation:
hδ(h˜ǫ(f))
(recall (2.11) for the definition of a mollified heat flow h˜s). Then by [AGS14a, G14] it is
easy to check the following:
• hδ(h˜ǫ(f)) ∈ T˜estF (X) for any ǫ, δ > 0.
• supδ<1,ǫ<1 Liphδ(h˜ǫ(f)) <∞.
• hδ(h˜ǫ(f))→ h˜ǫ(f) in H1,2(X) as δ → 0 for every ǫ > 0.
• h˜ǫ(f)→ f in H1,2(X) as ǫ→ 0.
• ∆υ(hδ(h˜ǫ(f))) = hδ(∆υ(h˜ǫ(f)))→ ∆υh˜ǫ(f) in L2(X) as δ → 0 for every ǫ > 0.
• ∆υ(h˜ǫf) = h˜ǫ(∆υf)→ ∆υf in L2(X) as ǫ→ 0.
Moreover if f ∈ TestF (X), then we see that ∆υ(hδ(h˜ǫ(f))) = hδ(h˜ǫ(∆υ(f))) → ∆υh˜ǫ(f)
in H1,2(X) as δ → 0 for every ǫ > 0 and that h˜ǫ(∆υf)→ ∆υf in H1,2(X) as ǫ→ 0. This
completes the proof. 
We now define new ‘test classes’, T˜est, as follows:
• Let
T˜estT rsX :=
{
N∑
k=1
hk0∇rshk;N ∈ N, hk = (hk1, . . . , hkr+s), hki ∈ T˜estF (X)
}
⊂ TestT rsX.
• Let
˜TestFormk(X) :=
{
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i;N ∈ N, fj,i ∈ T˜estF (X)
}
⊂ TestFormk(X).
Remark 7.6. We give two remarks on W 1,2H -approximations.
• In Theorem 1.11, by the proof, we can choose the W 1,2H -approximation {ωi(j)}j of
ω by ωi(j) ∈ ˜TestForm1(Xi(j)).
• By [G14, Proposition 3.5.12] and the proof of Theorem 1.11 with Theorem 4.13, we
have the following weak type approximation: Let k ≥ 2, let (Xi, υi) GH→ (X∞, υ∞)
in M(n,K, d) with diamX∞ > 0, and let ω∞ ∈ ˜TestFormk(X∞). Then there exist
a subsequence {i(j)}j and a sequence {ωi(j)}j of ωi(j) ∈ ˜TestFormk(Xi(j)) with
sup
j
(||ωi(j)||L∞ + ||dυi(j)ωi(j)||L∞) <∞.
such that ωi(j), d
υi(j)ωi(j) L
2-converge strongly to ω∞, d
υ∞ω∞ on X∞, respectively
and that δυi(j)ωi(j),∇ωi(j) L2-converge weakly to δυ∞ω∞,∇ω∞ on X∞, respectively.
Moreover, if (Xi, υi) ∈ M(n,K, d) for every i < ∞, then we can choose ωi(j) as
smooth k-forms.
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• Similarly we have the following. Let (Xi, υi) GH→ (X∞, υ∞) in M(n,K, d) with
diamX∞ > 0, and let T ∈ T˜estT rsX∞. Then there exists a subsequence {i(j)}j
and a sequence {Ti(j)}j of Ti(j) ∈ T˜estT rsXi(j) with
sup
j
||Ti(j)||L∞ <∞
such that Ti(j) L
2-converges strongly to T∞ on X∞ and that ∇Ti(j) L2-converges
weakly to ∇T∞ on X∞. Moreover, if (Xi, υi) ∈ M(n,K, d) for every i <∞, then
we can choose Ti(j) as smooth tensor fields. This gives a positive answer to the
question stated in Remark 6.16.
The following is a key result to define new Sobolev spaces by using new test classes above
(however we will refine them later in Theorem 7.9).
Theorem 7.7. We have the following:
(1) T˜estF (X) is dense in H1,2(X). In particular it is also dense in L2(X).
(2) T˜estT rsX is dense in L
2(T rsX).
(3) ˜TestFormk(X) is dense in H
1,2
d (
∧k T ∗X). In particular it is also dense in L2(∧k T ∗X).
Proof. We first prove (1). By Proposition 7.5 we see that T˜estF (X) is dense in
TestF (X) with respect to theH1,2-norm. Since TestF (X) is dense inH1,2(X) (see Remark
2.20), we have (1).
Next we give a proof of (2) in the case that r = 1 and s = 0 only for simplicity because
the proof in the other case is similar. Since TestTX is dense in L2(TX), it suffices to
check that T˜estTX is dense in TestTX in the sense of L2.
Let V =
∑N
i=1 f
i
1,∞∇f i2,∞ ∈ TestTX , where f ij,∞ ∈ TestTX . By Proposition 7.5, for
any i, j, there exists a sequence {f ij,k}k<∞ of f ij,k ∈ T˜estF (X) such that supk Lipf ij,k <∞
and that f ij,k → f ij,∞ in H1,2(X) as k →∞. Let Vk :=
∑N
i=1 f
i
1,k∇f i2,k in T˜estTX for every
k <∞. Then since Vk → V in L2(TX) as k →∞, we have (2).
Finally we prove (3). Let
ω :=
N∑
i=1
f0,i,∞df1,i,∞ ∧ · · · ∧ dfk,i,∞ ∈ TestFormkX,
where fj,i ∈ TestF (X). By Proposition 7.5, for any i, j there exists a sequence {fj,i,l}l of
fj,i,l ∈ T˜estF (X) such that supl Lipfj,i,l <∞ and that fj,i,l → fj,i in H1,2(X) as l →∞.
For every l <∞, let
ωl :=
N∑
i=1
f0,i,ldf1,i,l ∧ · · · ∧ dfk,i,l.
By [G14, Theorem 3.5.2] we have
dυωl =
N∑
i=1
df0,i,l ∧ df1,i,l ∧ · · · ∧ dfk,i,l.
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Thus we have ωl → ω in W 1,2d (
∧k T ∗X) as l →∞. This completes the proof. 
We now define new Sobolev spaces in the same manner of [G14] by using these new
test classes, T˜est instead of Test as follows:
• Let W˜ 1,2C (T rsX) be the set of T ∈ L2(T rsX) satisfying that there exists S ∈
L2(T rs+1X) such that (2.8) holds for any gi ∈ T˜estF (X). By Theorem 7.7, since S
is unique if it exists, we denote it by ∇˜υT . It is easy to check that W˜ 1,2C (T rsX) is
a Hilbert space equipped with the norm
||T ||W˜ 1,2C :=
(
||T ||2L2 + ||∇˜υT ||2L2
)1/2
,
thatW 1,2C (T
r
sX) is a closed subspace of W˜
1,2
C (T
r
sX), and that∇υT = ∇˜υT for every
T ∈ W 1,2C (T rsX). Thus for convenience we use the same notation: ∇υT := ∇˜υT
for every T ∈ W˜ 1,2C (T rsX) (note that we will also use similar notation below). Let
H˜1,2C (T
r
sX) be the closure of T˜estT
r
sX in W˜
1,2
C (T
r
sX).
• Let W˜ 1,2d (
∧k T ∗X) be the set of ω ∈ L2(∧k T ∗X) satisfying that there exists
η ∈ L2(∧k+1 T ∗X) such that (2.10) holds for any Vi ∈ T˜estT 10X . By Theorem
7.7, since η is unique if it exists, we denote it by dυω. By an argument similar
to the proof of [G14, Theorem 3.5.2] we see that W˜ 1,2d (
∧k T ∗X) is a Hilbert space
equipped with the norm
||ω||W˜ 1,2d :=
(||ω||2L2 + ||dυω||2L2)1/2 ,
that W 1,2d (
∧k T ∗X) is a closed subspace of W˜ 1,2d (∧k T ∗X) and that {(ω, dυω);ω ∈
W˜ 1,2d (
∧k T ∗X)} is a closed subset of L2(∧k T ∗X)×L2(∧k+1 T ∗X). Let H˜1,2d (∧k T ∗X)
be the closure of ˜TestFormk(X) in W˜
1,2
d (
∧k T ∗X), and let W˜ 1,2C (∧k T ∗X) :=
W˜ 1,2C (T
0
kX) ∩ L2(
∧k T ∗X).
• Let W˜ 2,2(X) be the set of f ∈ H1,2(X) satisfying that there exists A ∈ L2(T 02X)
such that (2.7) holds for any gi ∈ T˜estF (X). By Theorem 7.7 since A is unique if
it exists, we also denote it by Hessυf . It is easy to check that W˜
2,2(X) is a Hilbert
space equipped with the norm
||f ||W˜ 2,2 :=
(||f ||2H1,2 + ||Hessυf ||2L2)1/2 ,
and that W 2,2(X) is a closed subspace of W˜ 2,2(X) Let H˜2,2(X) be the closure of
T˜estF (X) in W˜ 2,2(X).
• Let D˜2(δυk , X) be the set of ω ∈ L2(
∧k T ∗X) satisfying that there exists η ∈
L2(
∧k−1 T ∗X) such that (1.15) holds for every α ∈ ˜TestFormk−1X . Since η is
unique if it exists, we denote it by δυkω for short. It is easy to check that D˜2(δυk , X)
is a Hilbert space equipped with the norm
||ω||δυk :=
(||ω||2L2 + ||δυkω||2L2)1/2
and that D2(δυk , X) is a closed subset of D˜2(δυk , X).
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• Let W˜ 1,2H (
∧k T ∗X) := W˜ 1,2d (∧k T ∗X)∩D˜2(δυk , X). It is easy to check that W˜ 1,2H (∧k T ∗X)
is a Hilbert space equipped with the norm
||ω||W˜ 1,2H :=
(||ω||2L2 + ||dυω||2L2 + ||δυω||2L2)1/2 ,
and that W 1,2H (
∧k T ∗X) is a closed subspace of W˜ 1,2H (∧k T ∗X). Let H˜1,2H (∧k T ∗X)
be the closure of ˜TestFormk(X) in W˜
1,2
H (
∧k T ∗X).
• Let D˜2(∆υH,k, X) be the set of ω ∈ W˜ 1,2H (
∧k T ∗X) satisfying that there exists
η ∈ L2(∧k T ∗X) such that (1.16) holds for every α ∈ ˜TestFormk(X). Since η is
unique if it exists we denote it by ∆υH,kω. It is easy to check that D˜2(∆υH,k, X) is
a Hilbert space equipped with the norm
||ω||D2 :=
(
||ω||2
W˜ 1,2H
+ ||∆υH,kω||2L2
)1/2
and that D2(∆υH,k, X) is a closed subset of D˜2(∆υH,k, X).
It is important that these ‘∼-versions of Gigli’s Sobolev spaces’ have closedness with
respect to the Gromov-Hausdorff topology:
Theorem 7.8. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let
k, r, s ∈ Z≥0. We have the following:
(1) Let {ωi}i<∞ be a sequence of ωi ∈ W˜ 1,2d (
∧k T ∗Xi) with supi<∞ ||ωi||W˜ 1,2d < ∞,
and let ω∞ be the L
2-strong limit on X∞ of them. Then we see that ω∞ ∈
W˜ 1,2d (
∧k T ∗X∞) and that dυiωi L2-converges weakly to dυ∞ω∞ on X∞.
(2) Let {Ti}i<∞ be a sequence of Ti ∈ W˜ 1,2C (T rsXi) with supi ||Ti||W˜ 1,2C <∞, and let T∞
be the L2-strong limit on X∞ of them. Then we see that T∞ ∈ W˜ 1,2C (T rsX∞) and
that ∇υiTi L2-converges weakly to ∇υ∞T∞ on X∞.
Proof. We only prove (1) because the proof of (2) is similar.
By an argument similar to the proof of Corollary 4.4 without loss of generality we can
assume that there exists the L2-weak limit η ∈ L2(∧k+1 T ∗X∞) on X∞ of {dυiωi}i.
Let {αj∞}0≤j≤k ⊂ T˜estT 10X∞. By Remark 7.6 without loss of generality we can assume
that there exist sequences {αji}0≤j≤k,i<∞ of αji ∈ T˜estT 10Xi with
sup
j,i
||αji ||L∞ <∞
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such that αji L
2-converges strongly to αj∞ on X∞ for every j and that ∇αji L2-converges
weakly to ∇αj∞ on X∞ for every j. Note that∫
Xi
dυiωi(α
0
i , . . . , α
k
i )dυi
=
∑
l
(−1)l+1
∫
Xi
ωi(α
0
i , . . . , α
l−1
i , α
l+1
i , . . . , α
k
i )div
υi(αli)dυi
+
∑
l<m
(−1)l+m
∫
Xi
ωi([α
l
i, α
m
i ]
υi , α0i , . . . , α
l−1
i , α
l+1
i , . . . , α
m−1
i , α
m+1
i , . . . , α
k
i )dυi (7.7)
for every i <∞. By Remarks 4.12, 4.18 and Theorem 4.13, since [αli, αmi ]υi L2-converges
weakly to [αl∞, α
m
∞]
υ∞ on X∞, letting i → ∞ in (7.7) with [Hon13a, Proposition 3.69]
yields η = dυ∞ω∞. This completes the proof. 
Let us consider the following natural question:
Question 8. Do ‘∼-versions’ of Gigli’s Sobolev spaces and the original one coincide?
The answer of this question is the following. Note that Theorems 1.10 and 6.13 are
direct consequences of Theorems 7.8 and 7.9.
Theorem 7.9. The question above has a positive answer, i.e. we have the following.
(1) D˜2(δυk , X) = D2(δυk , X).
(2) H˜1,2d (
∧k T ∗X) = H1,2d (∧k T ∗X).
(3) H˜1,2H (
∧k T ∗X) = H1,2H (∧k T ∗X).
(4) D˜2(∆υH,k, X) = D2(∆υH,k, X).
(5) H˜2,2(X) = H2,2(X).
(6) W˜ 2,2(X) =W 2,2(X).
(7) W˜ 1,2d (
∧k T ∗X) = W 1,2d (∧k T ∗X).
(8) W˜ 1,2C (T
r
sX) =W
1,2
C (T
r
sX).
(9) H˜1,2C (T
r
sX) = H
1,2
C (T
r
sX).
(10) W˜ 1,2H (
∧k T ∗X) = W 1,2H (∧k T ∗X).
Proof. We first prove (1).
Let ω ∈ D˜2(δυk , X) and let η ∈ TestFormk−1(X). (3) of Theorem 7.7 yields that there
exists a sequence {ηi}i<∞ of ηi ∈ ˜TestFormk−1(X) such that ηi → η in W 1,2d (
∧k−1 T ∗X).
Since ∫
X
〈ω, dυηi〉dυ =
∫
X
〈δυkω, ηi〉dυ
for every i, by letting i→∞ we have ω ∈ D2(δυk , X). This completes the proof of (1).
(2) is a direct consequence of (3) of Theorem 7.7.
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We now prove (3). Let
ω :=
N∑
i=1
f0,idf1,i ∧ · · · ∧ dfk,i ∈ TestFormkX,
where fj,i ∈ TestF (X). By Proposition 7.5 for any i, j there exists a sequence {fj,i,l}l
of fj,i,l ∈ T˜estF (X) such that supl Lipfj,i,l < ∞, that fj,i,l → fj,i in H1,2(X) and that
∆υfj,i,l → ∆υfj,i in L2(X) as l → ∞ for any i, j. In particular by Remark 4.12 and
Theorem 4.13 we see that [∇fj,i,l,∇fjˆ,ˆi,l]υ → [∇fj,i,∇fjˆ,ˆi]υ in L2(TX) as l → ∞ for any
i, j, iˆ, jˆ. Let
ωl :=
n∑
i=1
f0,i,ldf1,i,l ∧ · · · ∧ dfk,i,l ∈ ˜TestFormk(X).
Then by [G14, Proposition 3.5.12] and [Hon13a, Proposition 3.70] it is not difficult to
check that ωl, d
υωl, δ
υωl L
2-converge strongly to ω, dυω, δυω on X , respectively. This
gives (3).
(4) is a direct consequence of (3).
Next we prove (5) (note that the following argument is essentially same to the proof
of [G14, Proposition 3.3.18]). Let f ∈ D2(∆υ, X). There exists a sequence {Fi}i of
Fi ∈ LIP(X) such that Fi → ∆υf in L2(X) and that∫
X
Fidυ = 0.
Let fi := (∆
υ)−1Fi. Theorem 1.1 with (1.3) gives that fi ∈ T˜estF (X) and that fi → f
in H1,2(X). Moreover Theorems 1.9 and 4.13 yield that Hessυfi L
2-converges weakly to
Hessυf on X . In particular fi converges weakly to f in W
2,2(X). Thus f is in the closure
of T˜estF (X) with respect to the weak topology of W 2,2(X). Since T˜estF (X) is a linear
subspace in W 2,2(X), we see that f is in the closure of T˜estF (X) with respect to the
strong topology of W 2,2(X) (c.f. Mazur’s lemma), i.e., f ∈ H˜2,2(X). This completes the
proof of (5).
We turn to the proof of (6). Let f ∈ W 2,2(X) and let gj ∈ TestF (X), where j ∈
{0, 1, 2}. By Proposition 7.5 for every j there exists a sequence {gj,i}i of gj,i ∈ T˜estF (X)
such that supiLipgj,i <∞, that gj,i → gj in H1,2(X) and that ∆υgj,i → ∆υgj in H1,2(X).
Note that by Theorem 4.13 we see that 〈∇g1,i,∇g2,i〉 → 〈∇g1,∇g2〉 in H1,2(X). Then
since
2
∫
X
g0
〈
Hessυf , dg1,i ⊗ dg2,i
〉
dυ
=
∫
X
(−〈∇f,∇g1,i〉divυ(g0,i∇g2,i)− 〈∇f,∇g2,i〉divυ(g0,i∇g1,i)− g0,i 〈∇f,∇〈∇g1,i,∇g2,i〉〉) dυ,
by letting i→∞, we have f ∈ W˜ 2,2(X). This completes the proof of (6).
Next we prove (7). We only give the proof in the case when k = 1 only for simplicity
because the proof in the case when k ≥ 2 is similar.
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Let ω ∈ W˜ 1,2d (
∧k T ∗X) and let
α :=
N∑
l=1
f l1,∞∇f l2,∞, β :=
N∑
l=1
f l3,∞∇f l4,∞ ∈ TestT 10 (X),
where f lj,∞ ∈ TestF (X). By Proposition 7.5, for any j, l, there exists a sequence {f lj,i}i
of f lj,i ∈ T˜estF (X) such that supi Lipf lj,i < ∞ and that f lj,i,∆υf lj,i → f lj,∞,∆υf lj,∞ in
H1,2(X), respectively.
Let αi :=
∑N
l=1 f
l
1,i∇f l2,i, βi :=
∑N
l=1 f
l
3,i∇f l4,i ∈ T˜estT 10 (X). Note that
[αi, βi]
υ =
∑
l,m
(
fm3,i〈∇f l1,i,∇fm4,i〉∇f l2,i − f l1,i〈∇f l2,i,∇fm3,i〉∇fm4,i + f l1,ifm3,i[∇f l2,i,∇fm4,i]υ
)
.
(7.8)
By (1), Theorem 4.13 and Remark 4.18 we see that f l1,if
m
3,i converges uniformly to f
l
1,∞f
m
3,∞
on X and that [∇f l2,i,∇fm4,i]υ → [∇f l2,∞,∇fm4,∞]υ in L2(TX). In particular we have
lim
i→∞
∫
X
f l1,if
m
3,iω
(
[∇f l2,i,∇fm4,i]υ
)
dυ =
∫
X
f l1,∞f
m
3,∞ω
(
[∇f l2,∞,∇fm4,∞]υ
)
dυ. (7.9)
Since∫
X
dυω (αi, βi) dυ =
∫
X
(ω(αi)div
υ(βi)− ω(βi)divυ(αi)− ω ([αi, βi]υ)) dυ, (7.10)
for every i <∞, by (7.8) and (7.9), letting i→∞ in (7.10) gives∫
X
dυω (α, β)dυ =
∫
X
(ω(α)divυ(β)− ω(β)divυ(α)− ω ([α, β]υ)) dυ.
Thus we have ω ∈ W 1,2d (
∧k T ∗X). This completes the proof of (7).
Similarly we have (8).
Next we give a proof of (9). Let
T :=
N∑
k=1
hk0∇rshk ∈ TestT rsX,
where hk = (hk1, . . . , h
k
r+s) and h
k
j ∈ TestF (X). By Proposition 7.5 for any j, k there exists
a sequence {hkj,i}i of hkj,i ∈ T˜estF (X) such that supi Liphkj,i < ∞ and that hkj,i,∆υhkj,i →
hkj ,∆
υhkj in H
1,2(X) as i→∞, respectively. Let hk,i := (hk1,i, . . . , hkr+s,i) and let
Ti :=
N∑
k=1
hk0,i∇rshk,i ∈ T˜estT rsX.
By Remark 4.12 and Theorem 4.13, it is easy to check that Ti converges weakly to T
in W 1,2C (T
r
sX). This implies that T is in the closure of T˜estT
r
sX with respect to the
weak topology of W 1,2C (T
r
sX). Since T˜estT
r
sX is a linear subspace of W
1,2
C (T
r
sX), we have
T ∈ H˜1,2C (T rsX). Thus we have (9).
(10) is a direct sequence of (1) and (7) 
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Corollary 7.10. Let (X, υ) ∈M(n,K, d) with diamX > 0, and let ω ∈ H1,2C (
∧k T ∗X).
Then the same conclusion of Theorem 1.10 holds.
Proof. By Remark 7.6 and Theorem 1.10 we see that this holds if ω ∈ ˜TestFormkX .
Thus Theorem 7.9 yields the assertion. 
Similarly by Theorem 6.13 and Remark 7.6 we have the following.
Corollary 7.11. Let (X, υ) ∈ M(n,K, d) with diamX > 0, and let T ∈ H1,2C (T rsX).
Then we see that T is differentiable at a.e. x ∈ X, that T ∈ W2n/(n−1)(T rsX), that
|T |2 ∈ H1,2n/(2n−1)(X) and that ∇gXT = ∇υT .
We give another relationship between Sobolev spaces.
Theorem 7.12. Let (X, υ) ∈M(n,K, d) with dimX = n. Then we have H1,2H (T ∗X) =
H1,2C (T
∗X) as sets. Moreover the identity map
id : H1,2H (T
∗X)→ H1,2C (T ∗X)
gives a homeomorphism.
Proof. Let ωi be a sequence in TestForm1X . It suffices the check that the following
are equivalent:
(1) ωi is a Cauchy sequence with respect to the norm || · ||H1,2H .
(2) ωi is a Cauchy sequence with respect to the norm || · ||H1,2C .
We first assume that (1) holds. By Theorem 7.3, since∫
X
|∇(ωi − ωj)|2dHn ≤
∫
X
(|d(ωi − ωj)|2 + |δ(ωi − ωj)|2 −K(n− 1)|ωi − ωj|2) dHn
for any i, j, we have (2).
Next we assume that (2) holds. In order to prove that δωi is a Cauchy sequence in
L2(X), we prepare the following:
Claim 7.13. For every η ∈ TestForm1X, we have
δω = −tr(∇ω).
The proof is as follows. By Remark 7.6 with Theorem 7.9, there exist a sequence
(Xi, υi) ∈ M(n,K, d) and a sequence ωi ∈ C∞(T ∗Xi) such that (Xi, υi) GH→ (X, υ), that
ωi, δωi,∇ωi L2-converge weakly to ω, δω,∇ω on X , respectively.
Thus [Hon13a, Proposition 3.72] yields that tr(∇ωi) L2-converges weakly to tr(∇ω) on
X . Since δωi = −tr(∇ωi), this completes the proof of Claim 7.13.
Claim 7.13 yields that δωi is a Cauchy sequence in L
2(X).
On the other hand by (2.2), it is easy to check that dωi L
2-converges strongly to dω on
X . This completes the proof of Proposition 7.12. 
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Remark 7.14. By using Proposition 7.5, for any (X, υ) ∈M(n,K, d) and f ∈ D2(∆υ, X),
it is easy to check that df ∈ H1,2H (T ∗X).
Remark 7.15. Let (X, υ) ∈M(n,K, d) with dimX = n. By Theorems 1.9, 1.10, 1.11,
7.3 and Corollary 7.4 we have the following two Bochner inequalities:
• For any f ∈ D2(∆υ, X) and φ ∈ LIP(X) with φ ≥ 0 we have
−1
2
∫
X
〈dφ, d|df |2〉dυ ≥
∫
X
φ|Hessυf |2dυ +
∫
X
(−φ(∆υf)2 +∆υf〈dφ, df〉)dυ
+K(n− 1)
∫
X
φ|df |2dυ.
• For any ω ∈ H1,2H (T ∗X) and φ ∈ LIP(X) with φ ≥ 0 we have
−1
2
∫
X
〈
dφ, d|ω|2〉 dυ ≥ ∫
X
φ|∇υω|2dυ −
∫
X
(δυ(φω)δυω + 〈dυ(φω), dυω〉) dυ
+K(n− 1)
∫
X
φ|ω|2dυ.
Note that these are already proved by Gigli via different approaches on RCD(K(n −
1),∞)-spaces. See [G14, Lemma 3.6.2].
We give an application. Recall that if M is a closed nonnegatively Ricci curved Rie-
mannian manifold and ω is a harmonic 1-form on M , then ω is parallel, i.e.,
∇ω ≡ 0.
The following is a generalization of this to the Gromov-Hausdorff setting.
Theorem 7.16. Let {ǫi}i<∞ be a sequence of ǫi ≥ 0 with ǫi → 0, let {(Xi, υi)}i<∞ be a
sequence of (Xi, υi) ∈ M(n,−ǫi, d), let (X∞, υ∞) be the Gromov-Hausdorff limit of them
with diamX∞ > 0, let {ωi}i<∞ be a sequence of ωi ∈ C∞(T ∗Xi) with
lim
i→∞
∫
Xi
(|dωi|2 + |δωi|2) dυi = 0,
and let ω∞ be the L
2-strong limit on X∞ of them. Then we see that ω∞ ∈ D2(∆υ∞H,1, X∞)∩
W 1,2C (T
∗X∞), that ∆
υ∞
H,1ω∞ = 0 and that dωi, δωi,∇ωi L2-converge strongly to zeros on
X∞, respectively. In particular we have d
υ∞ω∞ = dω∞ = 0, δ
υ∞ω∞ = δ
gX∞ω∞ = 0 and
∇υ∞ω∞ = ∇gX∞ω∞ = 0.
Proof. The Bochner formula gives
−1
2
∆|ωi|2 ≥ |∇ωi|2 − 〈∆H,1ωi, ωi〉 − ǫi|ωi|2.
Integrating this gives∫
Xi
|∇ωi|2dυi ≤
∫
Xi
(|dωi|2 + |δωi|2) dυi + ǫi ∫
Xi
|ωi|2dυi.
RICCI CURVATURE 83
By letting i→∞ we have
lim
i→∞
∫
Xi
|∇ωi|2dυi = 0. (7.11)
Thus the assertion follows from Corollaries 4.4, Theorems 6.14, 7.8, 7.9, (7.11) and
[Hon13a, Proposition 3.74]. 
We now give a closedness of the Hodge Laplacian with respect to the Gromov-Hausdorff
topology:
Theorem 7.17. Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d) with diamX∞ > 0, and let
{ωi}i≤∞ be an L2-strong convergent sequence on X∞ of ωi ∈ L2(
∧k T ∗Xi). Assume that
ωi ∈ D2(∆υiH,k, Xi) for every i <∞, that
sup
i<∞
∫
Xi
(|dυiωi|2 + |δυiωi|2 + |∆υiH,kωi|2) dυi <∞. (7.12)
and that one of the following two conditions holds:
(1) k = 1.
(2) δυiωi L
2-converges strongly to δυ∞ω∞ on X∞.
Then we see that ω∞ ∈ D2(∆υ∞H,k, X∞) and that ∆υiH,kωi L2-converges weakly to ∆υ∞H,kω∞
on X∞.
Proof. We give a proof in the case when k = 1 only because by Remark 7.6, the proof
in the other case is similar. By an argument similar to the proof of Corollary 4.4 without
loss of generality we can assume that there exists the L2-weak limit η∞ ∈ L2(T ∗X∞) on
X∞ of {∆υiH,1ωi}i.
Let α∞ ∈ ˜TestForm1(X∞). By Theorem 1.11 and Remark 7.6, without loss of gener-
ality we can assume that there exists a sequence {αi}i of αi ∈ ˜TestForm1(Xi) such that
αi, d
υiαi, δ
υiαi L
2-converge strongly to α∞, d
υ∞α∞, δ
υ∞α∞ on X∞, respectively.
Then since ∫
Xi
〈αi,∆υiH,1ωi〉dυi =
∫
Xi
(〈dυiαi, dυiωi〉+ (δυiαi)(δυiωi)) dυi
by letting i → ∞, Corollary 4.4, Theorems 7.8 and 7.9 give that ω∞ ∈ W 1,2H (T ∗X) and
that ∫
X∞
〈α∞, η∞〉dυ∞ =
∫
X∞
(〈dυ∞α∞, dυ∞ω∞〉+ (δυ∞α∞)(δυ∞ω∞)) dυ∞.
Thus we have ω∞ ∈ D2(∆υ∞H,1, X∞) and ∆υ∞H,1ω∞ = η∞. This completes the proof. 
We now give an L∞-estimate for an eigenform:
Proposition 7.18. Let 0 ≤ λ ≤ L, let (X, υ) ∈ M(n,K, d), and let ω ∈ C∞(T ∗X)
with ||ω||L2(X) ≤ L and
∆H,1ω = λω.
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Then we have
||ω||L∞(X) ≤ C(n,K, d, L).
Proof. The Bochner formula gives
−1
2
∆|ω|2 ≥ |∇ω|2 − 〈∆H,1ω, ω〉+K(n− 1)|ω|2
≥ −1
2
|∆H,1ω|2 − 1
2
|ω|2 +K(n− 1)|ω|2
≥ −L
2
2
|ω|2 − 1
2
|ω|2 − |K|(n− 1)|ω|2
≥ −
(
L2
2
+
1
2
+ |K|(n− 1)
)
|ω|2.
Thus Li-Tam’s mean value inequality [L08, Corolalry 3.6] yields
|ω| ≤ C(n,K, d, L)
∫
X
|ω|2dυ = C(n,K, d, L).
This completes the proof. 
Remark 7.19. By an argument similar to the proof of Proposition 7.18 we have the
following: Let L > 0, let (X, υ) ∈M(n,K, d), and let ω ∈ C∞(T ∗X) with
||ω||L2(X) + ||∆H,1ω||L∞(X) ≤ L.
Then we have
||ω||L∞(X) ≤ C(n,K, d, L).
Theorem 1.12 is a direct consequence of the following:
Theorem 7.20. Let {λi}i<∞ be a bounded sequence in R, let {(Xi, υi)}i<∞ be a sequence
in M(n,K, d), let (X∞, υ∞) be the Gromov-Hausdorff limit of them with diamX∞ > 0, let
{ωi}i<∞ be a sequence of λi-eigenforms ωi ∈ C∞(
∧k T ∗Xi) with ||ωi||L2(Xi) = 1, and let
ω∞ be the L
2-strong limit on X∞ of them. Assume that one of the following two conditions
holds:
(1) k = 1.
(2) δυiωi L
2-converges strongly to δυ∞ω∞ on X∞.
Then we see that the limit
lim
i→∞
λi
exists and that ω∞ ∈ D2(∆υ∞H,k, X∞) with
∆υ∞H,kω∞ =
(
lim
i→∞
λi
)
ω∞.
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Proof. Since∫
Xi
(|dωi|2 + |δωi|2) dυi = ∫
Xi
ωi∆H,kωidυi ≤
(∫
Xi
|ωi|2dυi
)1/2(∫
Xi
|∆H,kωi|2dυi
)1/2
for every i <∞, we see that (7.12) holds.
Let {i(j)}j be a subsequence of N. There exist a subsequence {j(l)}l of {i(j)}j and
λ ∈ [0,∞) such that λj(l) → λ. Theorem 7.17 yields that ω∞ ∈ D2(∆υ∞H,k, X∞) and
∆υ∞H,kω∞ = λω∞. Since λ = ||∆υ∞H,kω∞||L2 and {i(j)} is arbitrary, this completes the
proof. 
The following means that roughly speaking, in the Gromov-Hausdorff setting, the L2-
strong limit of a sequence of harmonic forms with uniform bounds on the L2-energies is
also harmonic:
Corollary 7.21. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
Gromov-Hausdorff limit of them with diamX∞ > 0, let {ωi}i<∞ be a sequence of harmonic
forms ωi ∈ C∞(
∧k T ∗Xi) with (1.13), and let ω∞ be the L2-strong limit on X∞ of them.
Then we see that ω∞ ∈ D2(∆υ∞H,k, X∞) with
∆υ∞H,kω∞ = 0.
Proof. It is a direct consequence of Corollary 4.4 and Theorems 6.9, 7.2 and 7.20. 
Remark 7.22. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
Gromov-Hausdorff limit of them. Define a generalized first betti number of (X∞, υ∞) by
b1(X∞) := dim {ω ∈ D2(∆υ∞H,1, X∞);∆υ∞H,1ω = 0}.
Then Corollary 7.21 with Theorem 1.13 yields that if dimX∞ = n, then we see that the
upper semicontinuity of the first betti numbers with respect to the Gromov-Hausdorff
topology:
lim sup
i→∞
b1(Xi) ≤ b1(X∞). (7.13)
Note that we do not know whether the equality of (7.13) holds and b1(X∞) is equal to
the first betti number in Gigli’s sense, i.e.,
b1(X∞) = dim
({ω ∈ D2(∆υ∞H,1, X∞);∆υ∞H,1ω = 0} ∩H1,2H (T ∗X∞)) .
However it is worth pointing out that if H1,2H (T
∗X∞) = W
1,2
H (T
∗X∞), then the equality
above holds.
We now give a sufficient condition for the L2-strong convergence of {dωi}i and {δωi}i
which is a generalization of Theorem 4.1 to the case of differential forms:
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Theorem 7.23. Let us consider the same assumption as in Theorem 7.17. Assume
that (Xi, υi) ∈ M(n,K, d) for every i < ∞, that ωi ∈ C∞(
∧k T ∗Xi) for every i < ∞
and that ω∞ has a smooth W
1,2
H -approximation with respect to {(Xi, υi)}i. Then dωi, δωi
L2-converge strongly to dυ∞ω∞, δ
υ∞ω∞ on X∞, respectively.
Proof. Let {ηi}i be a smooth W 1,2H -approximation of ω∞ with respect to {(Xi, υi)}i.
We first prove the following. Compare with Claim 4.2.
Claim 7.24. For every i <∞ we have∫
Xi
(|dηi|2 + |δηi|2) dυi − 2 ∫
Xi
〈∆H,kωi, ηi〉dυi ≥
∫
Xi
(|dωi|2 + |δωi|2) dυi − 2 ∫
Xi
〈∆H,kωi, ωi〉dυi.
(7.14)
It follows from the identity∫
Xi
(|dηi|2 + |δηi|2) dυi − 2 ∫
Xi
〈∆H,kωi, ηi〉dυi
=
∫
Xi
(|dωi|2 + |δωi|2) dυi − 2 ∫
Xi
〈∆H,kωi, ωi〉dυi +
∫
Xi
(|d(ωi − ηi)|2 + |δ(ωi − ηi)|2) dυi.
Letting i→∞ in (7.14) with Theorem 7.17 yields
lim sup
i→∞
∫
Xi
(|dωi|2 + |δωi|2) dυi ≤ ∫
X∞
(|dυ∞ω∞|2 + |δυ∞ω∞|2) dυ∞.
On the other hand, since Corollary 4.4 and Theorem 7.8 give
lim inf
i→∞
∫
Xi
|dωi|2dυi ≥
∫
X∞
|dυ∞ω∞|2dυ∞, lim inf
i→∞
∫
Xi
|δωi|2dυi ≥
∫
X∞
|δυ∞ω∞|2dυ∞,
we have
lim
i→∞
∫
Xi
|dωi|2dυi =
∫
X∞
|dυ∞ω∞|2dυ∞, lim
i→∞
∫
Xi
|δωi|2dυi =
∫
X∞
|δυ∞ω∞|2dυ∞.
This completes the proof. 
Remark 7.25. By Theorem 1.11 and the proof of Theorem 7.23, we have the following:
Let (Xi, υi)
GH→ (X∞, υ∞) in M(n,K, d), let {ωi}i≤∞ be an L2-strong convergent sequence
of ωi ∈ D2(∆υiH,k, Xi) ∩H1,2H (
∧k T ∗Xi) with
sup
i
∫
Xi
|∆υiH,kωi|2dυi <∞.
Assume that k = 1, or that δυiωi L
2-converges strongly to δυ∞ω∞ on X∞. Then we see
that dυiωi, δ
υiωi L
2-converge strongly to dυ∞ω∞, δ
υ∞ω∞ on X∞, respectively and that
∆υiH,1ωi L
2-converges weakly to ∆υ∞H,1ω∞ on X∞.
As a summary of this subsection we give the following two compactness for 1-forms in
noncollapsed setting:
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Theorem 7.26. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
noncollapsed Gromov-Hausdorff limit of them, and let {ωi}i<∞ be a sequence of ωi ∈
C∞(T ∗Xi) with (1.14) and
sup
i<∞
∫
Xi
|ωi|2dυi <∞.
Then there exist ω∞ ∈ W 1,2C (T ∗X∞)∩W 1,2H (T ∗X∞)∩W2n/(n−1)(T ∗X∞) and a subsequence
of {i(j)}j such that the following hold.
(1) ω∞ is the L
r-strong limit on X∞ of {ωi(j)}j for every 1 < r < 2n/(n− 1).
(2) ∇gX∞ω∞ = ∇υ∞ω∞ and it is the L2-weak limit on X∞ of {∇ωi(j)}j.
(3) dω∞ = d
υ∞ω∞ and it is the L
2-weak limit on X∞ of {dωi(j)}j.
(4) δgX∞ω∞ = δ
υ∞ω∞ and it is the L
2-weak limit on X∞ of {δωi(j)}j.
Proof. It follows directly from Corollary 6.15, Proposition 7.1, Theorems 7.3, 7.8 and
7.9. 
Theorem 7.27. Let {(Xi, υi)}i<∞ be a sequence in M(n,K, d), let (X∞, υ∞) be the
noncollapsed Gromov-Hausdorff limit of them, and let {ωi}i<∞ be a sequence of ωi ∈
C∞(T ∗Xi) with
sup
i<∞
∫
Xi
(|ωi|2 + |∆H,1ωi|2) dυi <∞.
Then there exist ω∞ ∈ W 1,2C (T ∗X∞)∩D2(∆υ∞H,1, X∞)∩W2n/(n−1)(T ∗X∞) and a subsequence
{i(j)}j such that the same conclusions of Theorem 7.26 hold and that ∆υiH,1ωi L2-converges
weakly to ∆υ∞H,1ω∞ on X∞.
Proof. It is a direct consequence of Theorems 7.17 and 7.26. 
Remark 7.28. Note that roughly speaking, most results for ‘smooth objects’ shown
in this paper are also hold for ‘objects having smooth approximations’. For example,
by Theorems 1.11, 6.14, 7.3, 7.8, Corollary 4.4 and Proposition 7.1, for any (X, υ) ∈
M(n,K, d) and ω ∈ H1,2(T ∗X) with∫
X
(|dυω|2 + |δυω|2) dυ ≤ L,
we see that ω ∈ W2n/(n−1)(T ∗X)∩W 1,2C (T ∗X), that |ω|2 ∈ H1,2n/(2n−1)(X), that dω = dυω,
that δgXω = δυω, that ∇gXω = ∇υω and that∫
X
|∇υω|2dυ ≤ C(n,K, d, L).
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